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Abstract

This paper investigates nonlinear panel regression models with interactive fixed
effects and introduces a general framework for parameter estimation under po-
tentially non-convex objective functions. We propose a computationally feasible
two-step estimation procedure. In the first step, nuclear-norm regularization
(NNR) is used to obtain preliminary estimators of the coefficients of interest,
factors, and factor loadings. The second step involves an iterative procedure
for post-NNR inference, improving the convergence rate of the coefficient es-
timator. We establish the asymptotic properties of both the preliminary and
iterative estimators. We also study the determination of the number of factors.
Monte Carlo simulations demonstrate the effectiveness of the proposed methods
in determining the number of factors and estimating the model parameters. In
our empirical application, we apply the proposed approach to study the cross-

market arbitrage behavior of U.S. nonfinancial firms.
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1 Introduction

Unobserved heterogeneity is of broad interest in both reduced-form and structural
work in economics and other social sciences. Empirical data often include individual units
sampled over time from diverse backgrounds, with factors unobserved by econometricians.
Accommodating this heterogeneity in a flexible, yet parsimonious manner is challenging
but essential in practice.

Panel data, which involve observations on individual units over time, provide a valu-
able framework to model latent structures within low-dimensional manifolds. This is often
achieved by incorporating unobserved individual and time effects into the model, control-
ling for unobserved covariates that remain either time or cross-sectionally invariant. A fixed
effects approach imposes no distributional assumptions on these unobserved effects, allow-
ing them to be arbitrarily related to observed covariates. A notable example is two-way
fixed effects estimation for difference-in-differences, which has become a leading method in
applied economics.

The additive structure, however, assumes that the influence of unobserved factors on
individual units remains constant over time, failing to capture more complex dynamics. Al-
ternatively, fixed effects can interact multiplicatively, giving rise to interactive fixed effects
(IFEs) or factor structures. This multiplicative form provides a more flexible representa-
tion of heterogeneity, as it allows common time-varying shocks (factors) to affect cross-
sectional units with individual-specific sensitivities (factor loadings). For example, they
can account for aggregate shocks with heterogeneous impacts on agents in macroeconomic
models or capture multidimensional individual heterogeneity with time-varying effects in
microeconomic models. This flexibility motivated the discussion of interactive effects in the
econometrics literature. Bai (2009) and Moon and Weidner (2015, 2017) study the linear
regression model, treating individual and time effects as nuisance parameters estimated by
least squares. Chen, Fernandez-Val, and Weidner (2021) and Wang (2022) extend the least
squares estimator to nonlinear panel data models with convex log-likelihood functions.

However, many important and widely used economic models, such as random coeffi-
cient logit panel models, do not have convex objective functions. The problem becomes
even more challenging when interactive fixed effects are introduced to capture unobserved
heterogeneity. Interactive fixed effect panel models with non-convex objective functions
remain largely unexplored in the literature. The current approaches in the literature are
not applicable as they rely on closed-form solutions or global convexity.

The present paper proposes a new method for econometric estimation and inference

in panel models with interactive fixed effects. The main estimation procedure consists of



two steps. In the first step, we obtain preliminary consistent estimators for all coefficients
via a nuclear-norm regularization (NNR) procedure. The second step uses an iterative
procedure to conduct post-nuclear-norm regularization estimation for the parameters of
interest, treating our consistent regularized estimator as the initial value. We demonstrate
a faster convergence of our iterative estimator compared to the preliminary estimator.
Furthermore, we derive the asymptotic distribution of our iterative estimator.

In this context, I make two contributions. First, our general M-estimation framework
accommodates models defined by potentially non-convex objective functions with respect
to the unknown parameters of interest, while the results in Bai (2009) and Chen, Ferndndez-
Val, and Weidner (2021) rely on closed-form solutions or global convexity. Our theoretical
findings, therefore, broaden the applicability of IFEs in econometrics, complementing the
existing toolbox for applied economists when a factor structure is central to the analysis.
Additionally, when the objective function is convex in the index, the proposed estimator
formulates and solves a convex optimization problem, avoiding the issue of multiple local
minima. Moreover, it does not require prior knowledge of the number of factors, and we
also propose a consistent estimator for the number of factors.

The second contribution is to establish the large sample properties of the second-step
iterative estimator. Specifically, this estimator exhibits a contraction mapping property,
and thus converges to the true parameter value in probability at a rapid rate. Demonstrat-
ing the numerical convergence properties is technically challenging, as it requires controlling
both the asymptotic bias and variance of the iterative estimator at each iteration. The it-
erative procedure in our second-step estimation is conceptually similar to that of Moon and
Weidner (2019) and Hong, Su, and Jiang (2023), but we do not have closed-form solutions
as they do in linear models. We show that the estimator obtained through the second step
exhibits the same asymptotic distribution as found in Chen, Fernandez-Val, and Weidner
(2021) in the case of convex objective functions.

This paper relates to three branches of the literature. First, it adds to the extensive
literature on panel data models with IFEs. Bai (2009) and Moon and Weidner (2015, 2017)
propose estimators based on quasi-maximum likelihood estimation and principal component
analysis. Much previous work has focused on linear models, while nonlinear models have
recently attracted attention. Chen, Ferndndez-Val, and Weidner (2021) extend Ferndndez-
Val and Weidner (2016)’s results to nonlinear panel data models with IFEs. Chen, Dolado,
and Gonzalo (2021) study quantile factor models, and Ando, Bai, and Li (2022), Gao, Liu,
Peng, and Yan (2023) study binary panel choice models. Relatedly, Boneva and Linton
(2017) and Chen and Zhang (2025) extend the common correlated effects (CCE) framework
of Pesaran (2006) to nonlinear settings. We refer to Fernandez-Val and Weidner (2018) for



a recent survey. We complement and extend the literature by generalizing previous results
to a broad range of M-estimators.

Second, our work contributes to the burgeoning literature on nuclear norm penaliza-
tion, a technique that has gained popularity in estimating low-rank matrices in statistics
and econometrics. This approach has been explored in various works such as Agarwal,
Negahban, and Wainwright (2012), Agarwal, Dahleh, Shah, and Shen (2021), Athey, Bay-
ati, Doudchenko, Imbens, and Khosravi (2021), Belloni, Chen, Madrid Padilla, and Wang
(2023), Beyhum and Gautier (2019), Candes and Recht (2009), Chernozhukov, Hansen,
Liao, and Zhu (2019, 2023), Fan, Gong, and Zhu (2017), Feng (2023), Hong, Su, and
Jiang (2023), Huang and Wolkowicz (2018), Ma, Su, and Zhang (2021), Miao, Phillips,
and Su (2022), Negahban and Wainwright (2011), Negahban, Ravikumar, Wainwright,
and Yu (2012), among others. Most of these works focus on establishing estimation error
bounds, specifically in the Frobenius norm, for the NNR estimators. The convergence rate
of our estimator is consistent with the existing results of the mean and quantile regres-
sions, indicating that NNR can be successfully extended to more complex models without
compromising performance.

More recent studies have advanced statistical inference for NNR-based estimators. For
instance, linear models have been studied by Armstrong, Weidner, and Zeleneev (2023),
Chernozhukov, Hansen, Liao, and Zhu (2023), Hong, Su, and Jiang (2023), Miao, Phillips,
and Su (2022), Moon and Weidner (2019), among others. Two main debiasing strate-
gies have emerged to address shrinkage bias. The first, inspired by the debiased-Lasso
framework in the statistics literature, typically requires relatively few iterations. Cher-
nozhukov, Hansen, Liao, and Zhu (2023) combine a rotation-based debiasing step with
sample splitting, while Choi, Kwon, and Liao (2024) show that sample splitting is not es-
sential. Armstrong, Weidner, and Zeleneev (2023) apply minimax linear estimation theory
to construct robust debiased estimators. The second line of research—where our paper
contributes—employs iterative bias-correction procedures, as exemplified by Hong, Su, and
Jiang (2023), Miao, Phillips, and Su (2022), and Moon and Weidner (2019). Two very
recent papers developed independently and in parallel with ours examine nonlinear panel
data models with interactive fixed effects: Chen, Miao, and Su (2025) derive the asymptotic
distribution of factor and loading estimators in logistic panel models without covariates,
and Zeleneev and Zhang (2025) study single-index models under global convexity of the
transformation function. In contrast, our results do not require global convexity, which
allows us to accommodate models such as random-coefficients specifications.

Lastly, this paper is also related to the literature on estimating the parameters of high-

dimensional models using ¢; regularization. Rather than listing all relevant papers, we refer
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the interested reader to the comprehensive textbook by Hastie, Tibshirani, and Wainwright
(2015) and the recent survey by Belloni, Chernozhukov, Chetverikov, Hansen, and Kato
(2018), and instead focus on a few key references. Specifically, Chetverikov and Sgrensen
(2025) develop a method called bootstrapping after cross-validation for selecting the penalty
parameter in /;-penalized M-estimators in high dimensions. Stadler, Bithlmann, and van de
Geer (2010) derive an oracle inequality for the ¢;-penalized approach to estimating mixture
regression models, while Beyhum and Portier (2024) study high-dimensional nonconvex
Lasso-type M-estimators and establish their convergence rates. However, none of these
studies consider panel data settings or nuclear norm regularization.

An empirical illustration of our procedure is also provided, where we use multiple
firm-level financial data sets to study US non-financial corporation joint financing decisions
between debt issuance and equity repurchase, revisiting Ma (2019). The results show that
our estimator produces economically sensible outcomes that align with financial intuition.
For example, firms are more likely to issue equity and retire debt when the cost of debt
is high and the cost of equity is low, consistent with the view that corporations act as
cross-market arbitrageurs in their own securities. In addition, we document substantial
heterogeneity in firm sensitivities to market valuation measures.

The remainder of the paper is organized as follows. Section 2 introduces the class
of IFE models. Section 3 proposes a general M-estimation framework and presents the
main estimation procedure. In Section 4, we examine the asymptotic properties of the
estimators, including the consistency and rate of convergence of the initial estimator and
the rank estimator, as well as the convergence and asymptotic distribution of the second-
step estimator. Section 5 outlines the implementation algorithms and provides Monte Carlo
results. Section 6 contains the empirical applications. Finally, Section 7 concludes. All

proofs and additional results are provided in the Appendix.

Notation. For a natural number m € N, we introduce the notation [m| = {1,...,m}. For
a vector v = (vy,...,v,) € RP, we define its ¢;-norm as [jv]|; = i_1|vjl, and its fy-norm

norm as [v]| = /35 v, For a matrix A = (ay),, € RV*T, we define its entry-wise £,-

norm as || All; = 2N, 327 Ja, its Frobenius norm as | Al p = 1/ S°~, 2, a2, its infinity
norm as ||A|lee = max{|ay| :i € [N],t € [T}, its nuclear norm as ||A|. = trace (\/M),
its spectral norm as ||Al| = sup,. |, V' A'Az, and its rank by rank(A). Moreover, for a
real matrix, we use o4(-) to denote its s-th largest singular value. For a real and symmetric
matrix, we use fs(+), max(-) and pmin(+) to denote its s-th largest eigenvalue, the largest

and smallest eigenvalues, respectively.



For a real number a, let sgn(a) =1 if @ > 0 and sgn(a) = —1 if a < 0. For a square
matrix A whose j-th diagonal element is denoted as A;;, define sgn(A) as a diagonal matrix
whose j-th diagonal element is equal to sgn (A,;). We also define the operations V and A
as a V b = max{a,b} and a A b = min{a, b}. Finally, for sequences {a,,}_; and {b,,} -_,

we use a,, < b, as the shorthand for the inequality a,, < @b, for some finite positive ¢

~Y

independent of a,, and b,, for sufficiently large m. a,, =< b, means that a, < b, and
b < Q.

2 Model

Let the data observations be denoted as {(Yi, Xy) : ¢ € [N],t € [T]}, where Y;; € Y C
R is the outcome variable and X;; € X C R% is a vector of exogenous covariates for a
fixed d,. The indices 7 and ¢t denote individuals and time periods, respectively. In matrix
notation, let Y and X; as NV x T" matrices representing the outcome and the j-th covariate
for j=1,...,d,. Let X = <Xj>je
by V x X.

We assume that for each individual ¢ and time ¢, the outcome Yj; is allowed to depend

4, Collect all covariates. The support of (Yie, Xit) is given

on both the observed covariates X;; and the latent interactive effects given by individual-
specific loadings \; € R" and time factors f; € R", where r is a fixed rank. The effects
A; and f;, although unobserved by the econometrician, may confound the effect of X;; on
Y;,. Following the fixed effects approach, we treat the realizations of {\;}, and {f,},_, as
unrestricted parameters to be estimated.

Formally, we consider a class of nonlinear panel data models in which the true values
of the common parameter vector # € RP and the N x r and T X r matrices of fixed
effects, A = (A1, ..., Ay)" and F' = (fi, ..., fr)’, are defined by the solution to the population

optimization problem,!

N T
: 1 '
(6o, Mo, Fy) = arg min TXTIE NT E E C(Wi; 0, X f1) (2.1)
pc AedY ¥ FeaT i=1 t=1

where / : R x R — R is a known loss function, which may be nonconvex with respect
to 6 and \.f;, and where W;; = (Yi;, Xi;). The sets © C RP, &) C R, and &; C R are
parameter spaces. The expectation E[-] is taken with respect to the distribution of the

data, conditional on the fixed realizations of unobserved individual and time effects for all

'The model is identified only up to a normalization; see Remark 1. A formal discussion of the identifi-
cation assumptions is provided in Assumption 3.



N and T. It is also referred to as a factor model with factor loadings \; and common
factors f;, and we will use the terms “factor” and “interactive fixed effect” synonymously.
The conventional additive structure is a special case of the factor structure with » = 2,
Ni = (N, 1), and f, = (1, fu)'.

Let mo: = Aj;for denote the true value of m;; that generates the data, where 7 €
® C R for each i and t. The matrix II € ®V*T collects all the fixed effects. Similarly, the
matrix I = (m;) is treated as a parameter to be estimated. Thus, we can rewrite Model
(2.1) as

N T

1
(00, 11)) = argmin E —TZZe(m;e,mt) (2.2)

N
0€0,IIedN*T =1 i—1

r

s.t. Tt = )\;ft == Z )\isfts
s=1

Remark 1. Similar to linear factor models, the factor loadings Ay and common factors Fy
in (2.1) cannot be separately identified without imposing normalization. The loss function
is invariant under the transformation \; — A’\; and f, — A1 f, for any non-singular r x r
matrix A. On the other hand, Il in (2.2) can be uniquely identified, as it is invariant to the
normalization used to eliminate this indeterminacy. For further discussion on normalization

in the context of linear factor models, see Robertson and Sarafidis (2015).

2.1 Examples

Some examples of models that fall within this framework and the scope of our method-

ology are as follows.

Example 1 (Linear Panel). The linear panel model is generated according to
Yir = Xipbo + Tt + it (2.3)

where £ is the idiosyncratic error term with Eley | X = 0. We can estimate 0 and my
using £ (Wi 0, my) = % (yir — Xj,0 — 7Tit)2 and Wiy = (Yir, Xit).

Example 2 (Linear Quantile Panel). Consider the linear model in (2.3) with the quantile
restriction: P (e;; < 0| Xy; 00, mo,it) = 7. We estimate 0 and my by using £ (yi, X[,0 + i) =
pr (Y — X,0 — ), where p, (t) =t (1 — K (—t/h)) represents a smoothed version of the
usual check function. Here, 7 € (0,1) denotes a specified quantile of interest, K is a

CDF-type kernel function, and h is the bandwidth parameter.



Example 3 (Binary Choice Panel). The binary choice panel model is characterized as
Yit = H {X{teo + 7'('0’1'75 — Eit Z O} (24)

where X and ;4 are independent and € 1s distributed according to a known cumulative
distribution function F. Since P(yy =1|zy) = F (2z), we define the objective function
as —L(Wy;0,m) = yulog F (X[,0 4+ m) + (1 — yu) log [ — F (X[,0 + m)], where Wy =
(Yit, Xit)-

Example 4 (Random Coefficients Logit Panel). Consider a binary choice model such that
Yir = 1 {Xl(tﬁo,it + Mot — €t > 0}

where € 18 a random variable with the Type I extreme value distribution, independent across
individuals © over time t, and By is a p-dimensional vector of random coefficients, assumed
to be i.i.d. across individuals over time.? Specifically, we assume Bo i ~ N (Bo, Eo), where
Bo is a p-dimensional mean vector, and ¥y is a positive-definite p X p covariance matrix.
The theoretical results presented in this paper also hold for other distributions of By Let
f(B) denote the probability density function of the random coefficient B;; evaluated at (5.
We define the parameter set 6 = (B, E). The objective function is given by

£ (Wi 6, m) = — log [ [ rto.mr ) ds

where the integrand is given by Ly (8, mit) = pir(B, mit )Yt (1—pit (B, 7i) ) 7Yt with py (B, 7it) =

exp( X{, B+m;
W’ and Wiz = (yit, Xit)-

3 Estimation

In this subsection, we describe our two-step estimation procedure for the model: the
initial estimator is based on nuclear norm regularization (NNR). It is followed by a second
step iterative estimator. As we will show in Sections 4.1 and 4.2, under a set of regularity
conditions, the first step estimation provides consistent estimators for 6y, Ag and Fy. The
second step uses the estimators from the first step as the initial values, and iteratively
updates estimators to enhance their properties. The asymptotic normality of the iterative

estimator is established in Section 4.3.

2We could relax the i.i.d. assumption by imposing a parametric model upon fy ;+ over time ¢, e.g., an
AR(1) process, but we do not pursue this approach here.



3.1 First Step: Nuclear Norm Regularization

We define the loss function as

N T

Lar (0,11) = o >3 eWiibm) (3.1)

Motivated by the literature on nuclear norm regularization, we propose estimating

(6o, 1) by minimizing the following penalized criterion function:

(0,11) = argmin Lyg (0,1I) + v||II|, (3.2)
0€O,IIedNxT

where v is a tuning parameter,® and || - ||, denotes the nuclear norm, which regularizes
the singular values of the matrix II. The estimation problem at hand is inherently high-
dimensional, as it involves estimating a total of p+r (/N 4+ T) parameters, where the number
of parameters grows linearly with NV and T'. Specifically, p represents the number of param-
eters associated with 6, and r(IN + T") corresponds to those related to the low-rank matrix
I1.

Our estimator can be viewed as a generalization of Lasso, with a key difference being
that we impose sparsity not directly on individual parameters but on the singular values of
the matrix II. This regularization ensures that the number of non-zero singular values of 11
is relatively sparse compared to N and 7. Since we assume that the rank r of the matrix
Iy is fixed and much smaller than both N and T, the nuclear norm regularization reduces
the complexity by encouraging a low-rank structure in II, similar to how Lasso enforces
sparsity in individual coefficients.

Similar to Lasso, (3.2) can be seen as a convex relaxation of the following problem:

min 'CNT (9, H)

0cO,lIcdNxT

s.t. rank (IT) <r (3.3)

where the rank r is predetermined, and #, \; and f; are jointly estimated, as studied
by Bai (2009) and Chen, Fernandez-Val, and Weidner (2021), among others. While the
formulation in (3.3) seems appealing, it presents two challenges.

First, the rank constraint makes (3.3) a non-convex optimization problem, even when

the loss function is convex. In contrast, our proposed estimator, defined in (3.2), avoids

3The tuning parameter v depends on N and T, but we omit the subscript for simplicity.



directly penalizing or constraining the rank of the estimated interactive fixed effects matrix.
Instead, it seeks a IT with a small nuclear norm, serving as a convex relaxation of (3.3). Just
as ¢1 minimization is the tightest convex relaxation of the combinatorial 3 minimization
problem, nuclear norm minimization offers the tightest convex relaxation of the NP-hard
rank minimization problem (Candes and Plan, 2010).

Second, when the loss function Ly is non-convex, as in random coefficients logit
panel models, there are no guarantees of convergence for the estimators defined in (3.3).
Global convexity plays a crucial role in the literature on interactive fixed effects. For
instance, Chen, Ferndndez-Val, and Weidner (2021) rely on global convexity to establish
the consistency of # and to bound the remainder terms in their stochastic expansions. In
contrast, our penalized estimator accommodates a broader class of important economic
models without global convexity.

Note that the NNR-based initial estimation does not require the number of factors r

to be known beforehand. When r is unknown, we propose estimating r using singular value

thresholding (SVT) as follows:

2

AT

I {as (H) > NTI/} (3.4)

1

>
I

S

Alternatively, » can be estimated using other methods, such as the panel information
criteria (IC) and panel criteria (PC) methods of Bai and Ng (2002), or the eigenvalue
ratio (ER) and growth ratio (GR) methods of Ahn and Horenstein (2013), among others.
These methods remain valid as long as § is consistent. In Section 4.2, we first establish
the consistency of 6 and ﬂ, then we prove that © = r with probability approaching one

(w.p.a.1). Consequently, for the second-step estimation, we assume 7 is known.

3.2 Second Step: Iterative Estimation

It is widely recognized that NNR estimators are subject to shrinkage bias, which
complicates statistical inference. Theorem 1 establishes the convergence rate of the initial
estimator, which, although consistent, is slower than the v/ NT rate. To address this issue,
we propose a post nuclear-norm-regularization estimator to improve the convergence rate.

For simplicity, we focus primarily on maximum likelihood estimation. We assume that

the outcome is generated by

Y | Xit; 0, )\iaft ~ g('|Xit;07)\iaft)
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where ¢ (+) is a known probability density function with respect to some dominating mea-

sure. The log-likelihood function is then given by

K(Wit; 9, /\;ft) = —logg (Y;‘t | Xit; 0, )\z‘,ft)

Since the common factors F' and factor loadings A cannot be separately identified
without imposing normalization (see Remark 1), we impose the same normalization on
both F' and A as in Bai (2009), without loss of generality. Specifically, we normalize such
that F'F/T = I, and A’A/N is diagonal with non-increasing diagonal elements. It is
important to note that the ultimate asymptotic results remain unchanged regardless of the
specific normalization chosen for F' and A.

To refine the initial estimators, we employ a localized iterative procedure. Starting
with the initial estimators (é,f\, ﬁ’), the procedure iteratively updates these estimators
by searching within a local region of radius dyr = clog (N AT) yyr, where ¢ is a positive
constant, and yy7 represents the convergence rate of the first-step estimator, as specified

in Corollary 1 below. The procedure is defined as follows:

~ A

Step 1. For m = 0, set (é LA RO ) = (é, A, F), the preliminary consistent estimator
of (‘90, Ao, Fo)

Step 2. Given 0™ update the estimators of {Ao, Fo} to { Alm) pr(m } by solving

{/A\(mﬂ), F(m+1)} € argmin LT (é(m); A, F>
AEB(A(m),\/NdNT>,FEB(F(m),\/TdNT>

~ A

Step 3. Given {A o )}, update the estimator of 6y to f(m+1) according to

gom+1) = argmin Ly (Q;A(m+1),ﬁ’(m+1)>
0eB(60™ dnr)

Step 4. Iterate Steps 2-3 until a convergence criterion is met.

4 Theoretical Results

In this section, we examine the asymptotic properties of both the initial and iterative
estimators. First, we study the consistency and convergence rate of the initial regularized
estimator. We then establish the convergence and asymptotic distribution of the second-

step iterative estimator. We consider an asymptotic framework where N and T tend to
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infinity jointly. To keep the exposition simple, we focus on the single-index model with
interactive fixed effects as the leading case. Similar results can be derived for other models
with multiple indices.

Recall the definition of Ly7 in (3.1). We further define

LG, =E[Lyr (0,1D)], Lz (0,11) = Lyr (0,11) — E[Lyr (6,11)]
and the excess risk function as
E(0,11) = L (0,11) — L (00, o)

Let ¢ and ¢ denote generic positive constants that may vary in their occurrences.

Assumption 1 (Sampling and Covariates). (1) The data sequences {(Wit)}ie(ny e 0bey
the model (2.1);

(it) The data on units (Wi),cip are independent across i, and for each i, the sequence
(VVit>te[T] is stationary and exponentially B-mixing with respect to t, conditional on II.
Specifically, there exist constants C' > 0 and p > 0 such that Vq > 1,

3up %i(a; W) < Cexp(—pg)
where ;(q; W) = 3supz, sup S ZIL,;I |P(A,NBy)— P(A) P(By)| with the second
supremum over all finite partitions {A;} in the o-field generated by ({Wit},;) and {By} in
the o-field generated by ({Wit},~p, ) )
(iii) As (N,T) — oo, N/T — £*0 < k < 00;
(iv) The covariate X;; has bounded support;
(v) The rank of Iy is fized, denoted as r.

Assumption 2 (Lipschitz continuity). Suppose that ¢ (w;0,7) is Lipschitz continuous in
(0, 7) in the sense that

|0 (w; 01, m1) — £(w; 0z, m)| < L(w) [[|6h — b + [m1 — 7]

for a measurable function L (-) with max;en)serr) E [L (Wi)*] < oo, where the data se-

quences {(Wit) bicinyrepr) Satisfies Assumption 1.

Assumption 1 imposes basic regularity on the data generating process. Assumption

1(ii) limits inter-temporal dependence within the data. Specifically, u controls the strength
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of this temporal dependence. We adopt the assumption of exponentially beta-mixing for
simplicity, but similar results can be achieved with polynomially beta-mixing data. If the
observations {(W/it)}ie[zv],tem are i.i.d. across ¢ and over ¢, our theoretical results will hold
without imposing Assumption 1(ii). Assumption 1(iii) imposes constraints on the relative
rates at which N and T tend to infinity.* It is the standard assumption in the large-
T panel data literature (Bai, 2009, Chen, Ferndndez-Val, and Weidner, 2021, Hahn and
Kuersteiner, 2002). Assumption 1(iv) is included for convenience, but could be relaxed to
allow covariates with sufficiently light tails. For instance, if the covariates are standard
Gaussian, ¢, can grow like \/W with probability approaching one. This avenue is
not pursued here to maintain a clear and concise exposition. Additionally, we focus only on
the case of fixed r; the analysis of approximately low-rank Ily, analogous to approximate
sparsity in the Lasso literature, is beyond the scope of this paper.

Assumption 2 imposes a Lipschitz continuity condition on the loss function with respect
to the index. In the specific case where the loss function is globally Lipschitz with a constant

independent of y or x, this assumption holds trivially.

4.1 Consistency

We show that the first-step regularized estimator is consistent, which is the starting
point for establishing its rate of convergence. This section states the high-level conditions
required for consistency, while Proposition 1 and Appendix B.3 present primitive sufficient

conditions.

Assumption 3 (Identification). (i) 0y lies in the interior of ©, and for each i and t,
o lies in the interior of ®, where © and ® are compact convexr subsets of RP and R,
respectively. Furthermore, ®y and ®¢ are also compact convex subsets of R;
(ii) For allm > 0, there exists an € > 0 such that for all N > 1 and T > 1,

inf EO,1I) >«
(0,Me0OxdNXT
[16—60l|*+ 5 [ITT—TTo | 7 >n?
This is an identification assumption that imposes restrictions on the shape of the
excess risk function. When N and T are fixed, the condition is satisfied if the loss function
is continuous and (6, Ily) is its unique minimizer. In the context of panel data, this

condition needs to be satisfied uniformly in N and 7.

4For the first-step estimator, it is sufficient that T—1log N = o(1), which requires only that 7" increase
sufficiently fast relative to log V. This weaker condition guarantees the convergence rate of the first-step
estimates and is implied by the joint asymptotic regime N/T — k2 adopted here.
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Thanks to the penalty term in (3.2), we can show that with probability approaching
one, <é, f[) belongs to a restricted set

B=1{(0,II) € © x "7 : |||, < cev" + |||, }

where ¢, = L£(6y,1Iy) + 1. It is formally established in the Appendix. This result is
important because it allows in the mathematical development to restrict the attention to

a smaller set B included in the parameter space.
Assumption UC. supg ez | L7 (6,10) — L (6,11)| = 0, (1)

Assumption UC assumes uniform convergence. In the low-dimensional context, a sim-
ilar condition is usually required on a compact set which does not depend on N and 7.
The main difference here is that the radius of B grows with N and T'. We provide sufficient

conditions for Assumption UC to hold in Proposition 1.

Lemma 1 (Consistency). Under Assumptions 3 and UC, if v||Ily]|, = o(1), then we have
R 2 R 2
6 — 6, +ﬁHH—HO =0, (D).

The result depends on the condition that v ||IIy||, = o(1), which implies that the added

penalty term has a negligible effect on the objective function when evaluated at the true

values. This condition on v is satisfied in the subsequent theorems and corollaries.

4.2 Rate of Convergence

Similar to other high-dimensional settings such as those in Negahban et al. (2012), we
impose an invertibility condition involving another restricted set, denoted as A, which we
describe next and use to derive our main results. Before stating the next condition, we first
introduce some notation.

Let I1yp = UDV"’ represent the singular value decomposition (SVD) of Iy, where U and
V' are the matrices of singular vectors corresponding to all singular values. In particular,
let Uy € RY*" and V; € RT*" denote the columns of U and V associated with the non-zero

singular values. For an N x T matrix A, we define the operators
P (A) = UyUyAVp Vg, M(A)=A—-P(A) (4.1)

Essentially, P (-) can be thought of as a projection onto the subspace spanned by the
columns of Uy and Vf, constituting the “ low-rank” space of Ily. Similarly, M (-) is the

projection onto the space orthogonal to this low-rank space.
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Next, we define the restricted set as

A={(6,8) € R x RV st Al = 4P (&) L. - VNT |Js]| <0} (4.2)

It can be shown that (é — 0y, 11— H()) lies in this “cone” under certain conditions.
Namely, the set contains matrices II that are close to Iy, in the sense that the part that

cannot be explained by \g; and fy; is small in terms of nuclear norm.

Assumption 4 (Restricted Strong Convexity). For all (§,A) € A, there exists a universal

constant crsc > 0 such that

C
€ (B0 + 6,10 + A) > epse 6] + 25 1AL

Assumption 4 is based on Restricted Strong Convexity (RSC), which relaxes the def-
inition of strong convexity by only needing strong convexity in certain directions or over
a subset of the ambient space (Negahban, Ravikumar, Wainwright, and Yu, 2012, Wain-
wright, 2019). This assumption represents a version of a widely used condition in the matrix
completion literature, although verifying it typically requires imposing additional structure
on the parameter space. See also the discussions in Moon and Weidner (2019) and Miao,
Phillips, and Su (2022), following their Assumptions 1 and 2, respectively, for the linear
case. A detailed discussion for the single-index model is provided in Appendix B.3.

Finally, to control the empirical risk associated with the estimation errors, we define
the set

1
v={o.mes: 15+ yp 8l <ol

We also introduce the norm p(-,-), defined as

- ) 1 ) 1/2
p(6,8) = 1017+ 57 1AIE]|

According to Lemma 1, it suffices to analyze the convergence rate of the empirical risk
within the restricted set V.

NTCe, NT

Proposition 1. Under Assumptions 1 and 2, and with v = c,,wW for some constant

¢, > 2, there exist positive sequences {nr}, and {c. n7} such that

1' P £~ZVT (07 H) - £~ZVT (007 HO)
im su
(N,T)—00 (e,n)gv p (0 — 0,11 —1lo) V cenT

< ¢Ynrcent | =1
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where cr = [2u~tlog (NT)], dr = |T/ (2¢r) ], cont = \/% and Y1/ (Crlog (er +1)) —

00. Moreover, Assumption UC holds.

The proof of Proposition 1 is based on the empirical process theory and does not
rely on the differentiability of the loss function. It derives sufficient conditions under

which Assumption UC holds and provides a stochastic bound that will be used for the

subsequent theorem. Specifically, we have ¢, y7 = O ( Vg (NT) /(N A T)), since, under
our exponential S-mixing setting, the dependence length satisfies ¢ = O(log(NT')). The
scaling sequence ¥y is allowed to diverge slowly, at a rate exceeding O(log (log(NT))),
so that the probabilistic bound in Proposition 1 holds uniformly over the local parameter
space V.

We now present our first main result for estimating (6, ).

Theorem 1 (Convergence Rate). Under Assumptions 1-4, let v = CVW# for some

constant ¢, > 2. With probability approaching one, we have

< @ZJJQVTTCT
~ N Adr

—ao -+ -
where c. y7 and Y7 are specified in Proposition 1.

Theorem 1 establishes the convergence rates of the estimation errors for 6 and 11 in the
¢ norm. Here, 6 is a low-dimensional parameter vector, while II is a high-dimensional ma-
trix with N7 elements; hence, the Frobenius norm of II is normalized by 1/ V/NT to ensure
comparability. For simplicity, consider the case of i.i.d. panel data across ¢ over . When
the regularization parameter is set to v < %, the convergence rate of our estimator
under the Euclidean norm is of the order of \/W , with all other factors ignored.
These results are consistent with previous work on penalized mean and quantile regression
models for panel data (Athey, Bayati, Doudchenko, Imbens, and Khosravi, 2021, Belloni,
Chen, Madrid Padilla, and Wang, 2023, Feng, 2023, Moon and Weidner, 2019), while the
present paper develops a unified M-estimation framework that extends these results to a
broader class of models. Finally, note that Theorem 1 does not require differentiability
of the loss function; however, subsequent asymptotic normality results rely on smoothness
conditions to establish limiting distributions.

Next, we impose an assumption on the common factors and factor loadings.

Assumption 5 (Strong factors). Let + zl oMy 2 YA >0 and & Zt forfh B e >
for some positive definite matrices Yp,Xrp € R"™". Furthermore, the matriz Ily has r

distinct nonzero singular values.
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Assumption 5 formalizes the strong factor condition commonly imposed in the liter-
ature; see, for example, Bai (2009) and Chen, Fernandez-Val, and Weidner (2021). The
requirement that the singular values o4, ..., 0, are distinct is analogous to Assumption G
in Bai (2003), and closely related to Assumption 4.2 in Chernozhukov, Hansen, Liao, and
Zhu (2023). In particular, Theorem 1 does not depend on Assumption 5.°

The following corollary establishes the consistency of 7 and the mean squared conver-

gence rates of A and F.

Corollary 1. Suppose that the conditions in Theorem 1 and Assumption 5 hold. Without
loss of generality, we impose the normalization that F'F/T = 1, and A'A/N is diagonal
with nonincreasing diagonal elements. Then,

(i) P(f =7r)—1as N,T — oo;

(i1) \/LN HA — AOSHF = O, (YnT), and \%T HF — FOS’HF = O, (YnT), where S = sgn (F’F())

and YN = Ynrce T, With YN and c. T specified in Proposition 1.

Nuclear-norm regularization does not require prior knowledge or specification of the
number of factors r. Corollary 1 indicates that 7 is a consistent estimator of r. Thus, in
what follows, we assume that the number of factors has been correctly selected. Without

loss of generality, we further assume that S = I, to simplify the notation.

4.3 Asymptotic Normality

Here, we use the shorthand notation ¢; (6, 7) = ¢(Wy;0,m) for convenience, where
0 € © and ™ € ®. Additionally, we omit the function arguments when they are evaluated
at the true parameter values (6o, 7 t), €.8., lir = € (Wit; 0o, mo.it)-

To study the asymptotic behavior of the iterative estimator é(m“), it is necessary to
introduce additional quantities that characterize how the parameter 6 interacts with the
incidental components ;.

Let =;; denote a p-dimensional vector defined by the following population weighted
least squares projection for each component of E [0y, .¢;] onto the space spanned by the
incidental parameters, under a metric given by E [0,20;]. Specifically, =, = i for Ao f i

where (/\;‘ k> ft*k) is defined as the solution to the following optimization problem,

( :,ka ftfk) = argmjn Z E [aﬂ’Qgit]

Ao Stk g
k)

E [, »L: ) ) 2
(W — Nigfor — )‘Oift,k)

® Armstrong, Weidner, and Zeleneev (2023) use NNR and study robust inference for weak factors in the
linear panel model.
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In addition, we define the operator Dy al;; = Opralis — Zi:Ora+1ly; for ¢ = 0,1, 2. Intuitively,
these operators remove the component of Jyrqf;; that can be explained by the individual

and time fixed effects. Furthermore, define a p x p matrix

- 1
Wit = W Z Z E 806&1& w2€ztuztuzt]

which will be used to characterize the information matrix for 6.

We now introduce the regularity conditions that are required for the asymptotic results.

Assumption 6. Let BY C RP*! denote a bounded set that contains a e-neighborhood of
(60, m0,it) for alli € [N] and t € [T, uniformly over N and T

(i) The function (0,7) — £;(0,7) is four times continuously differentiable over B°. The
partial derivatives of €y(0, ) with respect to the elements of (0, m) up to the fourth or-
der are bounded in absolute value over (0,7) € BY by a function M (W) > 0 such that
max;e | er) B [| M (W, )|8+L} is uniformly bounded for some v > 0 over all N and T';

(ii) There exzst positive constants buyin and bmax such that for all (0,7) € BY, by <
E [0r20i (6, 7)] < buax;

(iii) The matriz Wy is uniformly positive definite, i.e., inf . Oumin (WNT) >c>0.

Assumption 6 strengthens the conditions used for Theorem 1.

Assumption 6(i) and (ii) require the loss function to exhibit sufficient smoothness
and local strong convexity. Assumption 6(iii) is a generalized noncollinearity condition,
similar to those commonly imposed in the factor literature, such as Assumption A in Bai
(2009) and Assumption 1(vi) in Chen, Ferndndez-Val, and Weidner (2021)). In the linear
case, Assumption 6(iii) simplifies to requiring Zf\il Zthl E [(Xit —Ei) (X — Eit)/] to be
positive definite. Intuitively, this condition ensures that the covariates exhibit sufficient

variation across individuals and over time, thus guaranteeing the identification of 6.

Theorem 2. Suppose Assumptions 1-6 hold, then
(i) For m =0,1,2,...., we have

Glm+1) —fy=C0 (é(m) _ 90) +cW

v ([ -a) o (4m )

where C© L5 GO with |C0) € [0,1), and CV = O, ((NT) 1/2>
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(i1) For any m > — (% log (NT) + log(VNT)) /log (||C_'(O)||) — 1 with C© #£0
0"+ — gy = 0, (NT)~1/?)

where YNT = Ynrce NT, With Ynr and c. nT specified in Proposition 1.

Theorem 2 examines the numerical convergence properties of m+1). Specifically, The-
orem 2(i) guarantees the convergence of the iterative procedure, while Theorem 2(ii) indi-
cates that after O (log (NT)) iterations, the iterative estimator (™) achieves the desired
convergence rate for inference. It converges to the true value 6, much faster than vy,
which is the rate at which the initial estimator 0 converges in probability. The upper
bound of our contraction parameter, specifically the spectral norm of C'®, is crucial in
the iterative procedure. The closer ||[C®] is to 0, the faster is the contraction and the
numerical convergence of the iterative procedure. Conversely, if ||C(?]| is close to 1, the
numerical convergence of H(m+1) ig slow.

The following theorem establishes the asymptotic distribution of the second-step esti-

mator O(m+1)

Theorem 3. Suppose Assumptions 1-6 hold, and the following limits exist,

V_Voo = Nl%’riloo NT Z ZE aﬁﬁézt 7T2£’Lt‘—‘lt"—‘zt]

i=1 t=1

N T T
D . 1 / —
Boo = N}Tl“riloo N Z Z { [Z fOtH()\i\)ifOTE [awgitDewgiT]

1,
+ §f6tH()\i\)if0tE [Dor2lis] }

i=1 t=1 T=t
1 N T 1
™ o . / —1
Doo = — N,l’Il“IBoo ? '_E 1 tE 1 )‘OZH(ff)t)\OlE [aﬂgithﬂgit + §D9w2£it1

where Hony = gy B [0n2lit] forfor Hippye = Somy E[0r2lit] NiNy;, and Wy > 0. Then,
for any m > —11og(NT)/log (||CO|) — 1, it follows that
A 1 - = | _
VNT <9<m+1> — 0y — TW;}BOo - o;le) LN (0, W) (4.3)
Theorem 3 indicates that 6™+ contains two asymptotic bias terms associated with
%BOO and %Doo, respectively. For convex objective functions, the estimator is asymptot-

ically equivalent to the one obtained from (3.3), as studied by Chen, Fernandez-Val, and
Weidner (2021).
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4.4 Bias Correction

This section describes methods for removing the asymptotic bias of the second-step
estimator. We first outline the analytical bias-correction procedure and then discuss alter-
native approaches, including the split-panel jackknife and the bootstrap.

The analytical correction is constructed using sample analogs of the expressions in The-
orem 3, replacing the true values of (6, 7) with their second-step estimates. Both analytical
bias correction and variance estimation require consistent estimators of the quantities Boo,
Doo, and W, defined in Theorem 3. Let B, D, and W denote the corresponding sample
analogs, obtained by substituting sample averages for expectations and replacing the true

parameters with their second-step estimates. For example,

! Z Z a@@&t 7r2€zt‘—‘zt*—*lt

zltl

~

where a&egit = Opolis (Wzt; 0, /\ ft) 7r2€1t = 87r2£zt ( it A 0, \; f

f ) and = =i is a p-dimensional
vector with elements El-t’k /\fk fi + N ft "w Where the pair ( pNis tk) is defined by

Z

2
()\fék, ftk) € argmmz ( > (C?;k:g Ztt — kat X;ftk>

Aieofere Ty

Once those sample analogs are constructed, then the analytic bias correction of 0 reads

~ ~ 1 - ~ 1 - ~
Oapc =0 - _WB - —_ WD
ABC T N

Theorem 4. Suppose that the assumptions in Theorem 3 hold. Then W -2 W and
VNT (Bapc = b0) = N (0,75

Although the analytical correction offers a convenient closed-form adjustment, it re-
quires estimating high-order derivatives and moment matrices that may be sensitive to
model specification and sample size. In practice, alternative approaches—such as the split-
panel jackknife and the bootstrap—can remove the leading bias terms without explicit
analytical derivations.

Following Dhaene and Jochmans (2015) and Chen, Fernandez-Val, and Weidner (2021),

bias correction can also be implemented using the split-panel jackknife method. Let
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QA}VMT and QA]Q\,/QT be the second-step estimators based on the subsamples {(i,t) : i =
1,...,N/2;t=1,...,T} and {(i,t) : i = N/2+1,... ,N;t =1,...,T}, respectively. Sim-
ilarly, let ézlv:r /o and é?\,T /o be the estimators obtained from the subsamples {(i,t) : i =
1,...,N;t=1,...,7/2} and {(i,t) : i =1,...,N;t =T/2+1,...,T}, respectively. The

jackknife bias-corrected estimator is
e = 30 — = (800 + ) — = (s + 62
JBC — 9 \/N/2T + N/2,T 9 N,T/2 + NT/2 ) -

Under suitable homogeneity and stationarity conditions ensuring that the asymptotic biases

of all estimators converge to the same limit,
VNT (byne = 60) 5 N (0,172)

Other bias-correction methods include the leave-one-out jackknife of Hughes (2022) and
the bootstrap procedures of Higgins and Jochmans (2024) and Sun and Kim (2010). How-
ever, these approaches are not directly applicable to models with interactive fixed effects.
Extending them, particularly adapting the bootstrap of Higgins and Jochmans (2024) to
account for time-specific or interactive effects, remains an interesting avenue for future

research.

5 Monte Carlo Simulations

In this section, we assess the finite sample performance of our proposed approach using
Monte Carlo simulations. Section 5.1 outlines the main steps of the first-step estimation
algorithm. Section 5.2 discusses the choice of the tuning parameter v. Section 5.3 presents

the simulation designs and results.

5.1 Implementation

This section outlines the computational procedures for the proposed estimation algo-
rithms. We first present the single-index panel model and its implementation; the binary
logit specification in Example 3 is treated as a special case. We then describe the random
coefficient logit model in Example 4. Additional details and formal descriptions can be

found in Section A.

Single-Index Panel Model Algorithm 1 summarizes the first-stage estimation proce-

dure for the class of single-index panel models, which includes the binary logit specification
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in Example 3 as a special case. We introduce a slack variable Z; to separate the low-rank
interactive effects from the linear index component. This reformulation allows the opti-
mization problem in (3.2) to be expressed in an equivalent and computationally convenient

form:

1 N T
OERPHERNXT NTZZg its Zt +V||H||

i=1 t=1

s.t. V:ZXj0j+ZH; ZH—HZO (51)

J=1

To solve the minimization problem (5.1), we use an Alternating Direction Method of Mul-

tipliers (ADMM) algorithm, which relies on the following augmented Lagrangian

N T
1
£ (0,11, V, Z,U,, U,) —ﬁ;tz;ﬂ it Vi) + [T
2
V- ZXQ Zn+ Uyl + == HZH_H‘f'UHF

2NT 2NT

F

Here, U, and U, are the scaled dual variables corresponding to the linear constraints V =
5':1 X;0; + Zy and Zyp — II = 0, and n > 0 is the penalty parameter for constraint
violations. Due to the separability of the parameters in .Z, the ADMM algorithm proceeds
by iteratively minimizing the augmented Lagrangian in blocks with respect to the original
variables, in this case (V. 6,1II) and Zyj, and then then updating the dual variables U, and

U,.
As shown in Line 9 of Algorithm 1, IT is updated via singular value thresholding (SVT).

Specifically, recall that the singular value decomposition (SVD) of a matrix A is
A=UsS,4V, e RV 5, = diag ({US}SG[NAT]>
For ¢« > 0, the soft-thresholding operator S, (-) is defined as
S, (A) =UaS, (3a) V4, S.(Za) = diag ({05 —¢},)

where t, is the positive part of ¢, namely, ¢, = max (0,t). See Theorem 2.1 in Cai, Candes,
and Shen (2008) for details.
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Algorithm 1 ALM Algorithm: Single-Index Panel Model

1: Input: Observed data (Yj;, X;;), and initialization for V(@ O 1), ZI(IO), Ul?, and
Uéo), parameters v, 1.

2: Initialize: £k =0

3: while not converged do

4: Update parameters at iteration k + 1:

w0 Vet e VP (v V) (v - X000 - 20, + U0
6: where h(y,v) = V,l(y,v)

& OO <Ez]i1 Z;[:l XitXft) 1 <Zf\;1 Zthl XitAE?)

8 where AW = VD) _ zk) 4 k)

o T« Sy (20 4 UY)

10 20 Lyt - b X, 9<k+1) +U® 4 _ e
11 U(k—i—l) VD) _ Zpil 9(k+1) Zl(]k+1) " U;k)

19: U(k+1) « Z(kH) [1k+1) +Uv

13: k< k+1

14: end while

15: Output: Updated parameters *+1  (*+1),

Random Coefficient Logit Panel Algorithm 2 outlines the first-stage estimation algo-
rithm for the binary random coefficient logit panel model in Example 4 using a majorization-
maximization (MM) approach. For simplicity, we assume that all coefficients 5 are random,
but incorporating fixed coefficients, such as §;;; = 3, for some j, is straightforward. Our
algorithm extends the work of Train (2009) and James (2017) by introducing a novel sur-
rogate function to handle the penalty term. Specifically, to update II at step k& + 1, we use
the surrogate function @) (H[H(k), H(k)), defined as

N T R 2
(H | o) 1% ) =LnNr (Q(k H(k)) - W ZZ (Z wz(tkr)h (Y;thIt z(tr) + 7Tz(tk)>>

=1 t=1 r=1
1 a R 2
_ k k
T INT ;; <7Ti(t) - ;wz(tr)h< its tﬂztr + 7Tl(t)> — 7T2-t> + v||I1|«

where the closed-form solution is given by

R
H(kJrl) < SNTV H(k) - (Z wz(fr) ( ity ztﬁltr + 7Tz(t ))>
r=1 it

with h(y,v) = A(v) —y and A(v) = This is detailed in Line 11 of Algorithm 2.

1
14+e—v"
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Algorithm 2 MM Algorithm: Binary Random Coefficient Logit Panel Model

Input: Observed data (Y, X;;), and initialization for 3, £ 1) parameters v.
Initialize: £ =0
while not converged do

Step 1: Simulate and Calculate Weights

Given (6™ TI™), for each (i,t), draw R values of 3 from N (%), £*®) labeled By,

For each By,, calculate pzt(ﬁm, 7P ) and the likelihood Ly (5, Zf )) using Equations
(A.2) and (A.3).

Using Lit(ﬁitrﬂ'gf )), compute the weights wz(t’?
8: Step 2: Update Parameters

9: B = NT Zz 121: 1 <Zr 1wztrﬁm>
10: S0 = LS ST (S0 0l BBy, ) — BV A

11: IM*+D < Sy, (H(k) - <Zf:l w,g?h ( its XigBiur + W’(t )>> )
it

12: k< Fk+1
13: end while
14: Output: Updated parameters S0 S(k+D “and T1(R+1),

using Equation (A.4).

=t

5.2 Selection of Tuning Parameters

The selection of the tuning parameter v is crucial for the proper implementation of
the estimator. The objective is to choose v such that it dominates the ”score” of our
penalized estimator. This ensures a desirable rate of convergence and permits the consistent
estimation of the rank of Ily, even in scenarios where it is not known a priori. Nonetheless,
the computation of the ”score” is generally infeasible, as it depends on unknown true
parameters (6, Ily). This challenge becomes more complex in the context of time series
data, where the selection of v must also account for the degree of temporal dependence.

Several general approaches are commonly used to choose the optimal tuning param-
eters. As is standard in the statistics and machine learning literature, the most popular
data-driven method is cross-validation. Another common approach involves information
criteria (IC). Methods like grid search or randomized search are also employed, where a
range or a sample of tuning parameters is systematically explored to identify the best value.

In this paper, we select the tuning parameter v using a modified information criterion
(IC), motivated by prior work on low-rank and grouped panel estimators (e.g., Bai and Ng
(2002); Belloni, Chen, Madrid Padilla, and Wang (2023); Su, Shi, and Phillips (2016)) and
provides a practical way to balance model complexity and statistical fit.

Specifically, for each candidate value of v, we compute the corresponding rank estimate
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7(v), as defined in Equation (3.4),° and evaluate

~

IC (v) = Lyr (e (v), 11 (V)) +onr - 7 (1) (5.2)

The first term on the right-hand side of (5.2) measures the overall fit to the data, and

the second term introduces a penalty proportional to model complexity through the factor

ont. We experimented with several alternatives and found that oy = %log(N ANT) %
1loglog(v/NT) .

works fairly well in Design 1 and so does oy = 5 Nt b Design 2. Accordingly, we

adopt these specifications for on7 in the analysis that follows.

5.3 Finite-Sample Performance

Data Generating Process To evaluate the finite-sample performance of the estima-
tion procedure, we consider two data generating processes (DGPs) that cover models with
convex and non-convex objective functions.

Design 1: The data are generated from the following model

2
yie =1 {theo + Z Nis fts — €it > 0}
s=1
where I{-} denotes the indicator function, and the error term ¢;; follows a logistic distri-
bution. We set p = 3 and r = 2 and take the coefficients , to satisfy 6, = (1,1,1)".
The regressor vector X = (%1, Ti2, Tir3) consists of three variables, \; = (A1, Ai2)’, and
ft = (fu, fi2)'. Specifically, we define z; , = Ty +p (M2, + f3) for k = 1,2 and x5 = Tu 3.
The parameter p = 0.2 governs the correlation between the covariates and the fixed effects.
Here, \;, f;, and Z;; are mutually independent across both ¢ and ¢ and \; ~ N ((}), 12) and
fie NA((): 12):

We consider two alternative specifications for the distribution of Z;;:

0
e DGP 1: The covariates are independently distributed as Z;; ~ N 01,413 | where

0
I}, denotes k by k identity matrix.

e DGP 2: The components of &; follow a stationary AR(1) process. For k = 1,2,3,

Tikt = OTikt—1 + OUiks, where uzpy ~ N (0,1) with o = 0.2, 0 = 2, and initial values
2

drawn from N ~ (O g )

» 102

SThe consistency of the rank estimator is established in Corollary 1.
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Design 2: We extend Design 1 by allowing random coefficients ;. With a slight

abuse of notation,
2
yir = 1 {X{tﬁo,n + Z Nisfrs — €it > 0}
s=1

The covariates X;;, factor loadings \;s, and factors f;s follow the same distributions as in
Design 1, and we adopt the same specifications of Z;;. The coefficients o ~ N (Bo, EO)
with By = (1,1,1)" and Xy = 0.315.

Performance For each model design, we consider different combinations of sample sizes
(N,T) € {(100,100), (150,100), (200, 100), (150, 150), (200, 150), (200,200)} to examine
how the first-step and second-step estimators behave as the sample size increases. Each
experiment is replicated 100 times. The ADMM algorithm is used to estimate the model in
Design 1 and Design 2, while the MM algorithm is applied to estimate the model in Design
3. Detailed descriptions of the implementation are provided in Section 5.1.

To evaluate the performance of my estimator, we report the root mean squared er-

~

ror (RMSE) for both steps, defined as RMSE(f) = \/5*1 S 16 — 60]2/[166]|, and the
average estimated rank, E[f] = S~! Zle 7s. We set S = 100 Monte Carlo replications.
These measures summarize the finite-sample accuracy of the estimators and the typical

rank selected across simulations.

Table 1 Simulation Results: 6 in Design 1

DGP 1 DGP 2

(N,T)  First step Second step First step Second step

RMSE E[f] RMSE RMSE E[f] RMSE

(100,100) 6.11 2.00 3.06 5.99  2.00 2.93
(150,100) 4.95 2.00 241 5.61 2.00 2.88
(200,100) 5.35 2.00 2.33 5.61 2.00 2.54
(150,150) 4.35 2.00 2.11 4.56 2.00 2.24
(200,150) 2.11 2.00 1.75 2.52  2.00 1.73
(200,200) 1.88 2.00 1.57 2.03  2.00 1.65

Note: This table reports the RMSE for both the first-step and second-step estimators, as well as the
average estimated rank from the first-step procedure. Results are presented for 6 under Design 1. RMSE
values are expressed as percentages relative to the true parameter values (%), and E[f] denotes the mean
estimated number of factors computed across 100 Monte Carlo replications.
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Table 2 Simulation Results: E in Design 2

DGP 1 DGP 2

(N,T)  First step Second step First step Second step

RMSE E[f] RMSE RMSE E[f{] RMSE

(100,100) 8.38 2.05 7.38 8.19 2.04 7.51
(150,100) 7.68 2.00 6.50 7.68 2.00 6.71
(200,100) 6.97 2.00 2.70 6.90 2.00 5.62
(150,150) 6.08 2.00 4.53 6.33  2.00 4.90
(200,150) 5.20 2.00 3.63 9.35  2.00 3.90
(200,200) 3.02 2.00 2.76 2.74  2.00 2.13

Note: This table reports the RMSE for both the first-step and second-step estimators, as well as the

average estimated rank from the first-step procedure. Results are presented for 3 under Design 2. RMSE
values are expressed as percentages relative to the true parameter values (%), and E[#] denotes the mean
estimated number of factors computed across 100 Monte Carlo replications.

Table 1 summarizes the finite-sample performance of the proposed estimators. Several
key observations can be made from the results. (i) At each sample size, the second-step
estimators exhibit smaller RMSE compared to the first-step estimators; (ii) As the sample
size increases, particularly when both N and T grow, the RMSE of the first-step estima-
tors tends to decrease; (iii) Similarly, the RMSE of the second-step estimators generally
decreases with increasing sample size; (iv) The rank estimator correctly estimates the rank
as the sample size increases, with the average rank stabilizing at 7 = 2 for larger samples.
These observations confirm the consistency results for both the first-step and the second-
step estimators. For example, the RMSE decreases from 3.06% when N = T = 100 to
1.57% at N = T = 200, consistent with the theoretical prediction that estimator perfor-
mance improves with larger sample sizes.

Table 2 summarizes the results for Design 2, which incorporates random coefficients.
The findings parallel those of Design 1: the second-step estimator consistently improves
upon the initial estimator, and both bias and RMSE decline with sample size. In this case,
we focus on the accuracy of the estimated mean of the random coefficients, which is reliably
recovered in larger samples.

In general, the simulations confirm the main theoretical insights. The two-step proce-
dure delivers substantial efficiency gains, the estimators are consistent as both dimensions

of the panel grow, and rank selection is reliable in sufficiently large samples.
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6 Empirical Application

In this section, we apply our methodology to revisit the joint financing behavior of US
non-financial corporations, focusing on how firms adjust debt issuance and equity repur-
chase decisions in response to relative valuations across capital markets. The objective is
to illustrate the empirical applicability of our approach by extending the baseline model of
Ma (2019) and to compare its benchmark fixed-effects logit with our proposed specification.

Empirical studies suggest that firms often act as cross-market arbitrageurs, substi-
tuting between debt and equity to exploit differences in financing costs. When debt is
relatively inexpensive, firms tend to issue debt and repurchase equity, whereas undervalued
equity prompts them to issue equity and retire debt. In a recent study, Ma (2019) doc-
uments that a substantial share of financing flows originate from non-financial firms that
simultaneously issue in one market while repurchasing in another. About 45 percent of
quarterly net equity repurchases (by value) occur in periods when firms are concurrently
net issuers of debt, and roughly 50 percent of seasoned equity issuance takes place among
firms that are net retiring debt. These coordinated patterns indicate that firms actively
rebalance their capital structures to exploit valuation differentials across markets, with this
behavior most pronounced among large, profitable, and financially unconstrained firms.

To quantify this relationship, the study estimates the probability that a firm simulta-

neously issues equity and retires debt using a panel logit model with firm fixed effects:
Pr(yi = 1| Xpit—1, Xgit—1, Zit) = AN + BpXpit—1 + BpXpi—1 +7'Zit) (6.1)

where A(-) denotes the logistic cumulative distribution function. The binary outcome vari-
able y;; equals one if the firm issues equity (negative net equity repurchases) and retires debt
(negative net debt issuance) in the same quarter, and zero otherwise. Net equity repurchases
are measured as purchases minus sales of common and preferred stock (PRSTKC—-SSTK),
and net debt issuance is defined as long-term debt issuance minus long-term debt reduction
(DLTIS—DLTR). The vectors Xp;—1 and Xp ;1 capture debt and equity market valu-
ations measured at the end of the quarter ¢t — 1, while Z;; includes additional firm-level
controls that can affect financing behavior.

The model uses three firm-level indicators of market valuation. Two bonds-based
measures, the credit spread and the term spread, capture relative valuations in the debt
market (Xp;—1). The firm-level credit spread is computed as the face-value-weighted
average yield differential between the firm’s bonds and the nearest-maturity Treasury, while

the term spread is the yield difference between the nearest-maturity Treasury and the three-
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month Treasury bill.

The valuation of the equity market (Xpg;—1) is proxied by the firm’s specific value-
price ratio (V / P), where V' denotes the intrinsic value of the equity estimated from the
residual income model and P represents the market price of equity (Dong, Hirshleifer, and
Teoh, 2012). Control variables include net income, cash holdings, capital expenditures,
deviations from target leverage, asset growth, and firm size.”

Before introducing our model, we first examine whether the data exhibit latent time-
varying structure by estimating a two-way fixed-effects (TWFE) specification following

Ferndndez-Val and Weidner (2016) and analyzing its residuals,
Urwrpi = Yir — A\ <5\z + ft + BbXD,i,t—l + BJIEXE,i,t—l + &lZit>

Figure A2 shows systematic temporal and cross-sectional patterns: firms display persistent
deviations across quarters (horizontal streaks), and many firms experience synchronized
movements within the same periods (vertical color bands). These residual patterns point

to time-varying unobserved heterogeneity.

6.1 Data and Model

We begin with a brief overview of the data and the model. Following Ma (2019),
this analysis integrates several primary data sources, combining firm-level information on
bond prices, equity valuations, and accounting fundamentals with aggregate market in-
dicators. Bond data is obtained primarily from the Trade Reporting and Compliance
Engine (TRACE) and supplemented by Datastream and Mergent’s Fixed Income Securi-
ties Database (FISD). Equity returns and valuation measures come from CRSP and the
Institutional Brokers’ Estimate System (IBES), while balance sheet and cash flow variables
are drawn from Compustat.® The sample covers the period 2003-2024, producing a panel of
N = 212 firms observed in T' = 88 quarters.” Summary statistics for key variables appear
in Table 3.

We extend this framework by incorporating interactive fixed effects and random coeffi-

cients, allowing for unobserved common shocks and heterogeneous firm responses to market

"See Ma (2019) for detailed definitions and data construction.

8 Access to TRACE, Compustat, CRSP, and IBES is provided through Wharton Research Data Services
(WRDS), while Datastream is accessed via the LESG portal.

9Additional details on data sources, variable definitions, and sample construction are provided in Ap-
pendix D.1.

29



valuations. Formally, the latent index is given by
Pr(yu =1| Xpi—1, Xpiu—1,Zu) = N (N fe + Bp aXpiit—1 + BpuXpi—1+7Zu)  (6.2)

where f; denotes latent factors that capture aggregate market shocks, \; are the correspond-
ing firm-specific factor loadings, and fSp; and (g represent random coefficients reflecting

heterogeneity in sensitivities to debt and equity valuations. Specifically, we assume that

<g b ’”) ~ N <<2D> , Eg). We employ the same set of market valuation and control
B,it E

variables as in (6.1).

Table 3 Summary Statistics of Key Variables

Variable N Mean SD P;g Median Py

Credit spread 14,667 2.03 1.76  0.73 1.48 3.90
Term spread 14,554 1.19 1.07 —-0.28 1.23 2.54
V/P ratio 14,667 1.08 0.63 0.42 0.95 1.88
Cash holdings 14,557 7.68 7.99 0.83 5.15 17.39
Asset growth 14,622 6.34 14.45 —5.71 4.57 19.97
Size 14,667 9.38 1.20 7.88 9.29 10.90
Net income 14,639 1.52 2.06 0.05 1.47 3.52

Capital expenditures 14,573 1.30 1.21  0.28 0.94 2.66

6.2 Analysis

We report our estimation results in Table 4. Model A corresponds to the conven-
tional panel logit specification with individual fixed effects, as defined in (6.1), and serves
as the benchmark. It is estimated using the conditional maximum likelihood approach
following Ma (2019). In contrast, Model B adopts the specification in (6.2), which extends
the benchmark by allowing for random coefficients on lagged valuation measures and by
incorporating interactive fixed effects. The rank of the interactive component is estimated
using the procedure described in (3.4); the first-step estimation yields an estimated rank
of # = 2. Accordingly, Table 4 reports the second-step estimates, including the means and
standard deviations of the random coefficients.

In general, the results re-confirm the importance of market valuations in shaping joint
financing decisions of firms and are consistent with economic intuition: firms are more

likely to simultaneously issue equity and retire debt when the cost of debt is high (e.g.,
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elevated bond spreads or expected excess returns) and the cost of equity is low (e.g., a low
V /P ratio or low expected excess equity returns).

We find that the signs of the estimated effects are generally robust to the inclusion of
latent factors, with variations in their magnitudes across specifications. For instance, the
effect of lagged term spread is larger in our model than in the benchmark specification: a
one-standard-deviation decrease in term spread multiplies the odds of joint equity issuance
and debt retirement by about 1.33 on average across firms, compared with roughly 1.25
in Model A. We also uncover substantial heterogeneity across firms in their sensitivities to
valuation measures. In particular, the estimated standard deviation of the random coeffi-
cient on the lagged credit spread is 0.363 and statistically significant, indicating meaningful
variation in firms’ responses to credit market conditions.

We regard the comparison between our results and those from the benchmark model
as an illustration that highlights the empirical value of allowing richer forms of unobserved
heterogeneity. Firms adjust their financing decisions in response to evolving macrofinancial
conditions and to unobserved, time-varying shocks—such as shifts in credit availability,
monetary policy, or market liquidity—that jointly influence financing behavior and asset
valuations. At the same time, firms differ in the extent to which they adjust their financing
in response to observed market valuations. By incorporating interactive fixed effects and
random coefficients, the proposed approach flexibly captures both common dynamics and

firm-specific heterogeneity, demonstrating its applicability to complex empirical settings.

Table 4 Empirical Illustration: Comparison of Results

Model A Model B
8 Mean (3) SD (05)
Variable Coef. S.E. Coef. S.E. Coef. S.E.
L.Credit spread 0.077 0.015 0.124 0.014 0.363 0.055
L.Term spread 0.212 0.027 0.267 0.037 0.335 0.159
L.V/P —0.092 0.046 —0.118 0.056 0.316 0.341
Net income —0.039 0.013 —0.044 0.013 —
L.Cash holding —0.006 0.005 0.023 0.003 -
CAPX —0.242 0.037 —0.034 0.020 —
L.Size —0.746 0.057 —0.268 0.008 —
L.Asset growth 0.011 0.002 0.031 0.002 -
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7 Conclusion

This paper explores nonlinear panel data models with interactive fixed effects and
tackles nonconvex objective functions in large N and T settings. We propose a two-step
estimation method using nuclear norm regularization and an iterative process. First, we
obtain preliminary estimates of the slope coefficient, factors, and factor loadings using
NNR. The second step refines these estimates through an iterative process. We establish
the consistency of the preliminary estimator and derive the asymptotic distribution for the
second-step estimator. The performance of the estimator is demonstrated through Monte
Carlo simulations and an empirical application to a random coefficient binary logit model.

Several extensions remain open for future research. First, it would be valuable to
explore whether post-NNR inference can be achieved within a finite number of iterations,
extending the work of Chernozhukov et al. (2023) and Choi, Kwon, and Liao (2024) to
nonlinear panel settings. Second, while this paper accounts for certain heterogeneity in
slope coefficients within the random coefficient logit panel model, allowing for even richer
forms of coefficient heterogeneity, as discussed by Bonhomme and Denis (2024), presents

an interesting avenue for further study. These topics are left for future exploration.
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Appendix

A Implementation of the First-Step Estimator

This section describes the implementation of the first-step estimator. Conventional
matrix-completion methods are based on linear formulations and are therefore ineffective
for data with nonlinear structures. To address this limitation, we employ two optimization
algorithms specifically tailored to our models. For the convex single-index panel model, we
adopt the Alternating Direction Method of Multipliers (ADMM), which decomposes the
overall optimization problem into smaller, more manageable subproblems. This decompo-
sition enables efficient parallelization and ensures convergence in convex settings (Boyd,
Parikh, Chu, Peleato, and Eckstein, 2011). ADMM is particularly well suited to large-scale
problems with separable objective functions.*!

On the other hand, we develop a new method based on the Majorization-Minimization
(MM) algorithm for the random coefficient panel model. This algorithm, which can be seen
as a generalization of the Expectation- Maximization (EM) algorithm, has been developed
in the statistics literature (Hunter and Lange, 2004, Lange, 2016). We utilize the MM
algorithm to separate random coefficients and interactive fixed effects. That is, we propose
a new surrogate function to linearize the logit model so that we can find the closed-form
solution to the IFEs. Sequential fixed effects estimation and majorization deliver estimates

with significantly reduced computational and memory costs.

A.1 Single-Index Panel Model

We develop an Alternating Direction Method of Multipliers (ADMM) algorithm for
estimating the first-stage parameters in the general single-index panel model. The binary
logit model in Example 3 serves as a leading illustration of this broader framework.

To reformulate the original problem, we also introduce slack variables. As a result,

AlAlthough ADMM is primarily designed for convex problems, it has been successfully applied to some
non-convex settings; see, for example, Wang, Yin, and Zeng (2019).
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(3.2) is equivalent to
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To solve the minimization problem (A.1), the proposed algorithm uses the following aug-

mented Lagrangian
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Here, U, and U, are the scaled dual variables corresponding to the linear constraints V' =
Z§:1 X;0; + Zn and Zp — IT = 0, and > 0 is the penalty parameter for constraint
violations. Due to the separability of the parameters in .Z, the ADMM algorithm proceeds
by iteratively minimizing the augmented Lagrangian in blocks with respect to the original
variables, in this case (V. ,1II) and Zyj, and then then updating the dual variables U, and
U,.

We solve the minimization problems iteratively:

VED  arg mlnz Z 0 (Y, Vir)

=1 t=1

V- ZXJGJ zy) + U

2

glk+1) i YD) X,0; — U
argemln2 Z —|—

0 argmin? || 280~ 114 00|+ NTw I,
I F
2

p
(k+1) (1 (k+1) k n k+1 k) ||2
Zy ¢ argming %48 )—ZXij _ZH+U1§ ) +§HZH—H( L )HF

Zn

F
2

U}Sk-ﬁ—l) - argmmg YD) ZX gkt _ k+1) LU,
Up

U < arg min-, Zﬁkﬂ) — kD 4 UUH
v, 2 F

39



For single-index models, the loss function ¢(y,v) is differentiable in v. Let h(y,v) =
V.£(y,v) denote its derivative with respect to the index. Then the first-step update for V/

can be wrillen as
k+1 k k k (k) k k

which corresponds to a gradient-descent or Fisher-scoring step depending on the form of ¢.
For instance, in the binary logit model considered in Example 3, the loss function
is {(y,v) = —yv + log(1l + exp(v)), whose derivative is h(y,v) = A(v) —y with A(v) =
(1+e7)~!. Hence,
WY Vi) = AVE") = Y

recovering the update rule used in the binary logit specification of Simulation Design 1.

Additionally, following Cai, Candes, and Shen (2008) and Yuan and Yang (2013),
we update II using singular value thresholding (SVT). Let A = UsX 4V} represents the
, where ¥4 = diag <{Us}se[NAT]>-
For « > 0, the soft-thresholding operator S, (-) is defined as

singular value decomposition (SVD) of matrix A € RN*T

SL (A) = UASL (EA) VA, SL (EA) = diag ({O’S — L}+)

where ¢, is the positive part of ¢, namely, £, = max (0,t). Further details can be found in
Theorem 2.1 of Cai, Candes, and Shen (2008).
Lastly, the remaining parameters, ¢ and slack variables, are solved using standard

least-squares estimation, which admits closed-form solutions.

A.2 Random Coefficient Logit Panel

To expose the nature of the MM algorithm, we temporarily disregard the penalty term.
Suppose our goal is to minimize Lyp (V) : R s R. Let W) denote the current iterate
in the minimization process. As suggested by the name, the majorization-minimization
algorithm proceeds in two steps. First, we construct a surrogate function @y (\If|\If(k)).
Specifically, to update ¥ at step k + 1, we use a surrogate function @y (\If]\IJ(k)) that

satisfies
1. QNT(\p(k)‘\p(k)) - ENT(\IJ(k))
2. Qnr(U[UH)) > Lyr (V) for all ¥
Here, the function Qyr (\Il\\ll("“)) is said to majorize Lyz (¥) at ¥*). The current iterate
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U*) is treated as constant. In the second step in the MM algorithm, we update Wby
choosing W*+1) to minimize Qnr (\If|\I/ (*)). However, constructing a surrogate function
that both majorizes Lyr(¥) at U and is easy to minimize is often a challenge. This step
is analogous to the expectation (E) step in a well-structured Expectation-Maximization
(EM) algorithm.

For the random coefficient logit panel model, we define § = (B, E) and ¥ = (6,1I).
The MM algorithm updates the parameters 6 = (B,Z) and II separately by using two
surrogate functions Qyz (A]¥*)) and Qnr (IIJ¥™). The surrogate function Qyz (9]T*)
follows from Train (2009), and we extend the work of Train (2009), James (2017) and Chen,
Rysman, Wang, and Wozniak (2022) by introducing a new surrogate function @y (H|\Il(k))
which effectively handles the penalty term.

In Example 4, the probability of y; = 1 for individual 7 and time ¢, given the random

coefficient 3 and fixed effect m;, is expressed as

exp (X[,0 + mit)
it (5, T : A2
P (0 70) = T o (X8 + ) 2
The likelihood is given by
Lit(B, i) = pir(B, i)V (1 — pin(B, mir) ) ¥ (A.3)

Thus, the negative log-likelihood function is computed by integrating the individual-specific

and time-specific probabilities over all observed data:

Lar (1) = =33 log { [ Lo (5)

i=1 t=1

The integral in the negative log-likelihood does not have a known closed-form expression
and is typically simulated numerically in estimation.

Rather than trying to directly optimize Ly (V), the strategy of the MM algorithm
is to transfer optimization to simpler surrogate functions that guarantees descent of the
negative log-likelihood. Tt refines the EM algorithm, as reviewed in Train (2009). In mixed

logit models, the EM surrogate function takes the form,

Nt (\I”‘P(k)) = - ZZ/IOg [Lit(ﬁﬂfit)f (B|9) Jit (mq’(k))} ds

In this expression, g; (ﬁit\\lf(k)) is an individual-and-time-specific probability density func-
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tion of the unobserved data, (3;;, conditional on conditioned on the observed data for indi-

vidual at time ¢, and evaluated at W) This density is derived using Bayes’ rule,

Ln< m&) f(Bl6®)
[y LB, 7)) £ (3]00) dp'

Git (mg;(k)) _

Evaluating this integral requires simulation. For each individual ¢ at time ¢, we draw R sam-
ples from N (B(k), Z(k)), label each as (., and compute the weights using the conditional
likelihood function,
k
k) _ Lit(Bitr, 7Tz‘(t )) A4
Wiy = R (k) ( : )
Zw:l Lit(Bitrrs ™3y, )

The superscript k on the weights indicates that they are a function of ¥*). As in maximum

simulated likelihood, R must be large enough to eliminate the bis from simulating the
denominator of the weights Lee (1995), Train (2009).
Using the approximation to g (ﬁ|\11(k)), the EM surrogate function becomes

tr lOg it ﬁztmﬂlt) (ﬁm\e)]

N T R
Qur (U0) = =33 > uliy

i=1 t= rRl

Z D

1 1
N T R
- Z tr lOg it thm Wzt)] Z Z Z wztr lOg [ (thr|9)]
=1 t=1 r=1 R i=1 t=1 r=1 .
QNT(‘I{W(H) QNT@W(k>>

Since the EM surrogate function is additively separable in the parameters # and IT under
the log operator, it simplifies the optimization process by allowing the minimization to
be performed over two independent functions rather than a complex joint maximization.
Specifically, Qnr (6’|\I!(k)) is the likelihood function for a multivariate normal distribution
with weighted observations on 3, where the solution for mean and covariance is obtained
through sample analogs (Train, 2009). As a result, %) = (3D $EFD) admits a

closed-form solution:

k+ 1) 1 EN § E
— 6)
NT < U)'Ltr ity )

i=1 t=1

N T
1 = = /
(k1) _ Z Z Z  A(k+1) A(k+1)
NT ( w’bt?" /B’LtT’/BZtT) /6 /8

i=1 t=1

Note that Qnr (‘If\\If(k)) serves as the surrogate function for £y7 (¥) without the penalty
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term. Instead of optimizing over Quyr (IT[¥™) + NTw||II||,A?, this paper derives an al-
ternative surrogate function, providing a closed-form solution for II. The main insight is
to exploit a natural feature of discrete-choice models and recognize that Qnr (H|\If(k)),
the weighted standard logit log-likelihood can be majorized with a quadratic upper bound
function. We define Qnr (H | \IJ(’“)) as the surrogate function for the penalized objective
ﬁ@ v (IT| U®) 4+ p||IT][., which includes the scaled log-likelihood and nuclear-norm reg-

ularization. Specifically,

N 2
Q (I | 6™, W) =Ly (6%, 1TV — m > (Z wieh ( Yi, X/, 8,5 +7T1(tk)>>

=1 t=1
L R 2
k k
*oNT TZZ(#R—}jw;ﬁh( tﬂmﬂfﬁ)—m) +vijl.

where h(y,v) = A(v) —y and A(v) =
is derived through SVT,

il +l,v. Here, the closed-form solution for Q(II|¥*))

R
H(k+1) 4— SNTV H(k) - (Z wz(fr) ( ity tﬁltr‘ + ﬂ-l(t ))>
r=1 it

Here, the threshold NTv follows directly from the scaling of the quadratic term.

B Proofs of Consistency and Convergence Rate Re-

sults

As in Berbee (1987), we employ the blocking argument to deal with S-mixing data.
Similar arguments exist in different settings, e.g. Belloni, Chen, Madrid Padilla, and Wang
(2023), Chen and Christensen (2015), Semenova, Goldman, Chernozhukov, and Taddy
(2023), Yu (1994). Let block size be cr = [2u~'log (NT)] with 1 < er < T/2. For
each i € [N], consider a partition of {W;, = (Y}, X;;)} into 2dr blocks of size c¢r each,
where dp = |T'/2cr|. We denote random variables that correspond to block p as {W;;}, =
{W- (r—Dep+1s - Wi ch} for p € [2dr]. Then we obtain the existence of sequence of random

variables {W} }icnyecr) such that

o {W;tieiverr) is independent of {Wi }icin e

A2Note that the original problem is reweighted by NT.
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e For a fixed t, {W;;}iciv are independent;
e For a fixed i, {Wj}, and {W;;}, are identically distributed for each block p;

e For a fixed i, the odd-numbered blocks {{W};}1,{W;}s,...,{Wi}2p—1} are indepen-
dent, and the even-numbered blocks {{W;i}o, {W};}4, ..., {W}; }2,} are independent.

Hence, denote H; as the odd-numbered block, H] as the even-number block, and Hp as the
remainder block of length 7" — 2¢pdy. That is, for | € [dr]

Hl:{til—i—Q(l—l)CT_tS(21—1)CT}
Hl,:{t1+(21—1)CT§t§2lCT}
HR:{tQCTdT—l—lStST}

Throughout the appendix, let ¢ and ¢ denote generic positive constants that may vary

across their occurrences.

B.1 Proof of Results in Section 4.1

A

Lemma B.1. We have (0y,11y) € B and if Lnt (00, 1o) = L (6o, ) +o0, (1), then <
B with probability approaching one.

,ﬂ)e

Proof of Lemma B.1. Recall the definition of B is

B={(6,11) € © x &7 : |1, < v~ (£ (0, o) + 1) + [|TIo], }

Since L (0, T1y) is nonnegative, the first statement is clear, i.e., (6y,1lg) € B. For the
second statement, since 0 > Lyr (é,ﬁ) — Lyt (60, 11p) + v (Hf[||* — HHOH*) and Lyt is

nonnegative, we have v|[II||, < £ (6y,1lo) + 0, (1) + v||Tol,. Hence, <é,ﬁ> € B with
probability approaching one. [ |

Proof of Lemma 1. Let n > 0. By Assumption 3, there is € > 0 such that for (0,1II) €
0 x ®N*T with || — 6y||> + L5 |TT — Io||% > n?, we have £ (6,11) — L (6, TIy) > e. Thus,
by the union bound,

1
P (16 olF + 577 I~ Tl > )

gP({E(@,H)—E(@O,HO) 25}0{(9,ﬁ) eB}) +P(<é,ﬂ) ¢B>
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Since (6p,1y) € B, we have Lyt (09,11g) = L (6p,11y) + 0, (1) by Assumption UC, and
p ((é, ﬂ) ¢ B> = 0(1) by Proposition B.1.

We have £ (en) > £ (6, T1) and L (er[) ~ Lt (60,100) < v (HHOH* _ HﬂH*)-
It follows that, on the event {(é, f[) € B},

0< L (61‘[) — £ (60, 1)
<2 sup | Ly (6,11) = £ (6,1)] +v (IMoll. — 1. )
(6,I1)eB
<2 sup |Lnr (6,11) — L (6, 1)] + v||ITo| .
(6,I1)eB

Therefore,
p ({Z (0,11) — L (6, ITy) > e} N {(en) c B})
<P ({2 sup |Lyr (6,11) — £ (6, 10)| + v||Tp|, > 6} N {(é,ﬂ) € B})

(6,I1)eB

<P (2 sup | Ly (6,11) — L (0, 11)] + v ||, > 6)
(6,I1)eB

In spirit of Assumption UC and that v ||IIo||, = 0(1), the above term goes to 0. Thus,
the desired result follow. [

B.2 Proof of Results in Section 4.2

Recall the definition of norm p(-,-) as p(§,A) = [H(SHQ + 77 \AHﬂ Y2 The empirical

risk function over some bounded set A is given by

e(v) == sup |Lyr (6o + 6,11 + A) — Lt (o, Ho)‘
(5,A)cA

where
A={(5,A) € R x RN T : (0 + 6,11y + A) € © x &Y T} 1 {p? (5,A) < 7}

The following auxiliary lemma is used to establish Proposition 1.

Lemma B.2. Under Assumptions 1 and 2, P (e(y) > k) = G nr for any k > 0, where
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Con 18 defined in (B.3). Furthermore, with probability at least 1 — (3 nr,

Unry/or

where (3 n7 is defined in (B./) and is independent of v. Moreover, (o yr and (3 y7 approach
zero when (N,T) — oo

Proof of Lemma B.2. Define the event ; = {maxie[N]’te[T] E [L (Wit)ﬂ < C’f}, where
(', < oo under Assumption 2. On €y, L(W}) has a uniform fourth-moment bound for all
(7,t). We want to bound the empirical risk function €(vy). To do so, we split the proof into
five steps.

Step 1: To begin with, write = 0y + 0 and 7 = w4 + Ay For any k£ > 0, we have

N dr
ZZZ Zj (9, Azt) > g)
i=1 [=1 teH
al Z5(6, Ay
+P ( sup Z Z ” i) ) + 2pNdrp (er)
(5,A)eA NdT =1 tcHp
T)

= 2A1 + A2 + 2deT (

P(e(y)VNT > k) <2P sup

(B.1)

> B
~ 3

where we define Z5(5, Ayr) as
238, B = € (Wi 0,7 ) = € (Wi 00, mo0) — B [€ (Wi 670 ) — € (Wi b0, 7o)

Here, we use Berbee’s coupling lemma (see Lemma 2.1 in Berbee (1987). Note that the
lemma is also valid for non-stationary sequences. Next, we proceed to bound A; and As in
(B.1).

Before bounding A;, note that ||Allr < ||A]l«. Then, by Assumption 2, we have the

following bound on the variance of the process,

supilE ! ZN:ZT:{ < me Wzt)—g(v{@ﬁm%n

I—I

(6,A)eA i=1 t=1
1
< sup E ZZ{L it) ||91—€2||+|7T1_7T2H} < iy
(&A)EZ =1 t=1

where C; = /20, and MaX;e[N] [T }IE [L(W )4 < Cf.
For any fixed § and A with ||| + w7 ||A|| < ~%, we have the following bound on the
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variance of the process,

N dr
sup Var <ZZ Z Z%5 (0, Air) > < NTCN’]%'Y2

(6,A)eA i=1 I=1 teH,

Let {e;, l} N)j€ldr] be i.i.d Rademacher variables independent of the data. Given that

E[Z} (6, Ait)] = 0 by construction, we apply the symmetrization lemma as in Lemma 2.3.7
in van der Vaart and Wellner (1996),

d

IS EN

I=1 teH,
(v

2
P(4 >_z|91)+P(Q§)

1= s 5D e Var (0 5000 Y e, 236, )
P (A7) > 51 Q) + P ()
- 1 —4C242 /K2

Pl sup
(5,A)cA NdT

<

Y

where
N dr g (I/I/Z);7 éa ﬁlt) - g (sz 007 o zt)
Ao(fy) = sup Eil
FR e IPICT DY 7

Next, we define BY(y) and BY(v) as

o\ L& L(W3) |19]
Bl(y)_(a,SAu)I;A \/N_dTZZ <Z ver

i=1 =1 teH,

and

1 L L(W2) Ay
By(y) = sup Eil —
2= w2 > e | 2T
By Assumption 2 and union bound we obtain that

P(A%(3) 2 1| ) <P (BY7) = x| ) +P (BY3) 2 v | ) (B2)

It remains to bound two terms in the RHS of (B.2).
Step 2: We first consider the bound on BY(7). The argument is similar to the proof
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of Lemma D.3 in Belloni et al. (2018). Note that

N dp-1 .
1 WZ c m 5
B{(7) < cr max_ sup 2ler+ ) 0]l

€il
meler] (5 n)ea | VN 121 er

dr—
cr
8”[/ i 2ler4m 1)
VNdTH; ter ) 0]

= max sup
meler] (5 A)eA

Applying Markov’s inequality and the union bound, we get

P (Bi(7) = k)

<cr max P | sup
meler] (6,A)eA

\/\]/V% Z Z givlL (I/I/;:2ZCT+7TL) ||5||

)

N dr—1
S L (W o) 1]

=1 [=0

< ¢r max inf exp (—7k) E
mé€ler] 7>0

exXp | T sup
(6,A)eA

Now, fix m € [cr]. In this step, we will condition throughout on {W}} but omit explicit

)

notation for this conditioning to keep the notation lighter. We have

N dr—1

fN;d D07 el Winiepam) 191

i=1 =0

exp ( N 2 Z Z el ( chﬁm))]

< 2exp (TQCT’}/QCE)

E

exp | 7 sup
(5,A)cA

<2E

The first inequality follows from the definition of A and the last inequality follows from
the law of iterated expectations combined with both Hoeffding inequality and Chebyshev’s

inequality. Hence,

P (Bi(7) = &)
: 2 2,2
< 2cp Hj} exp (—7kK) exp (T cry C’L)

K2
< ZCT exp (—m)

Step 3: Here, we bound BY(7). First, by the definition of A, we have sup(s,ayea lAll« <
vV NT~ and we define (; yy = VNT.
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Notice that

BY(7) <er max sup
mE[CT] (6,A)€A

1 i del €1l L (Wif2lcT+m) Ai,QlcTer

c
\/\]/V;gT Z Z gl <V[/;:2lCT+m) A 2ler+m

= max sup
"~ meler] (6,A)EA

We proceed to bound the moment generating function of BI(y) and use that to obtain an
upper bound on BY(v). Now fix m € [cr] ,

N dp-1
El|exp| T sup EzzL otertm) Digiertm
<E| sup exp CLH el (Wisier tm [AY/pe
(6.0)cA ( VNdTZI; )
Jer
<E| sup exp (7’ OLEH (il (Wsterim)), || 1AL
(57A)€7l \/N—dT 2ler+ ))z,l

(;Au)]ge)ﬂexp (T\/N_dT L (51 ( 2ler+ ))z,l

< exp <ET\/%CLQ,NT (\/N\/ \/d_T> fy) exp ( N, C%Cl NTY >

for a positive constant ¢ > 0. The first inequality holds due to the duality between the
spectral and nuclear norms, while the second inequality follows from the triangle inequality.
The two upper bounds in the final inequality are derived from Theorem 3.4 in Chatterjee
(2015) and Theorem 1.2 in Vu (2007), respectively.

Therefore, by Markov inequality, we have

|~ E || (el Wity o)),

) 181

P (B3(y) > k| )

= N dr-

Ver

< cpr max P | sup g it (Wgierim) Ddiglep+m| = K
meler] ((&A)EA VNdr = = (Water ) ’

. __Cr 2
< —
< cr H;E exp (—TkK) exp <CT N CrCinTY (\/N V o/ dT) exp Nd CLCl NT7

\/mm)

< Cere B S
=07 Xp( VerCrGinTy

for a positive constant ¢ > 0. Similarly, we repeat the arguments above to bound As in
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(B.1).
Step 4: To prove the first part of Lemma B.2, note that for any positive v and x > 0,

we have

Ple(y) = ®)
. 3Eexp (—Cfgg; +In (ch)~> + Cexp <—% + log (cT)>
= 1 —2C272/ (NTr?)
+2pNdrf (cr) = Gt (B.3)

Step 5: To prove the second part of Lemma B.2, we set

o Y1/ erCiNT
VN A dr

From this, we obtain that

P(c(y)VNT > r)

cexp (—Y{rer (N V dr) +log (per)) 4 Cexp (=Yt +log (cr))
L—e[y3per (NV T

+2pNdrf (cr) = G T (B.4)

<3

For fixed k > 0, as (N, T) — oo, (B.4) converges to zero by the definition of 1 yr. Therefore,

_ Unry/or
€(7) < w/VNT = IN A

with probability at least 1 — (3 7, Where (3 y7 is independent of v and (37 — 0 as
(N, T) = 0. |

Before we proceed to prove Proposition 1, we first bound the empirical risk over some
set V. Define |V| as

V| = sup p(0— 0,11 —1I)
(6,I1)eVv

Proof of Proposition 1. Define C = {(6,II) € V : p(6 — 0y, 11 — IIy) < c. nyr} and the
collection of rings Cp = {(0,11) € V : 2% < p (6 — p, 11 — IIy) < 2¥71} k€ Z. We denote
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A= sup ZNT(H, H) - ENT(GOa Ho)
(6,I1)eC
Ap = sup £~NT<07 H) - ENNT(007 Ho)‘
(Q,H)Gck

Define u,, = {%J and v, = F(l’fg(g)l)w, assuming c. yy < [V| (otherwise, only A

needs to be bounded). Since {p (6, A) < c. nr} U {Up~, Ai} covers the set V and because
p (6, A) > 2% on Cy, it holds that

|Zyr(6,11) — Lyr(6,Tlo)| I o
< - V -
p(0— 00,11 =1lo) Veonr — ( (ccnr) ) (unlgl?%cvn F )

We now examine individually each term on the right-hand side. By using the fact that
1A < ||A]l, and setting {3 y7 = VNT, we invoke Lemma B.2. Hence, we have

P (A (cenr) ™ > UnTCent) < CGNT

Similarly, it holds that P (Ak > YnTCe, NTQkH) < (3,n7- The union bound then yields,

p ( max Ap27F > QIDNTCE,NT) < (vp —un+1)Gar

The union bound and the two inequalities together gives that

[Zr (6.11) = L (60, Th)|
Pl sup

> YNTCe,NT
omey P (0 — 00,11 —1Ilp) V cc N

—up +2) G N7

< (vn
<4—|—210g2< /\T>>C2NT
3

cexp (—2, (N V dr) + ¢log (per)) + cexp (= + ¢log (cr))
1—¢[p2er (NVT)™

IN

= C4,NT
for some constant ¢ > 0. To derive the penultimate inequality, we use the fact that
[z] < x4 1 and that |[V| < <\/ﬁ +VNAT > ¢j. Furthermore, without loss of generosity,

we assume that the fixed number of coefficients p is less than N and 7. Hence, the last

inequality stands. As a result, the desired outcome follows, with (4 7 tending to zero as
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(N, T) — 0. |
Lemma B.3. For any N x T matriz Iy and A, we have the following results

(1) o + M(A)[l, = [[Tol[, + [M(A)][.;

(ii) [|AlF = IMQ)IF + [P(A)I7;

(117) rank(P(A)) < 2rank(Ily);

(iv) |A]Z < | A[ff rank(A);

(v) For any conformable matrices Ay and Ay, [tr (A1) < ||Aq]] [|Az]l,-

Proof of Lemma B.3. The proof follows from that of Lemma C.2 in Chernozhukov et al.
(2019). [ |

Proof of Theorem 1. Let

_ {II5H2 RN vNTvcm}

Ay = {(0,11) € V}
Az = {‘ENT(é7 1) — Lt (6o, Ho)‘ < YNTCoNTP (é — 0,11 — Ho)}

with ynr Q(CZ;—;C\[?ﬂNTCE ~7- We have

P(A) = P(AiN Ay N A3) + P (A N (Aa N A3)°)
P(ATN AN A;s) + P (A N (ASUAY))

PA NA;NA3) + P (A NAS) + P (A NAS)
=P+ P+ P

where the second inequality is due to the union bound. It holds P, — 0 by Lemma 1.
Concerning P3, when conditional on 4; N Aj$, it holds that p (é — 0o, 11— H0> V CenT =

p (é — 0,11 — H0>. Therefore, over A; N A§, we find that

’ENT (6,1I) — Lt (6o, Ho)‘ > nreent (p (0 — 00,11 — o) V e n)

which holds with probability approaching zero by Lemma B.2. Hence, it suffices to show
that P, = 0. Note that

02 Lz (8,11) = Lz (60, Tlo) + v (I1f1]. = Tl
> £(0,11) = Luvr (00, T1o) + Ly (0.11) + v ([P (A) ||, = IM (A)]1.)
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where the first inequality holds by the definition of Ly (é, f[) and the second inequality
holds by Lemma B.3. Specifically,

1T — 1Mol =[TIo + M (A) + P (A) ||, — ||To] .
>|To + M (A) [l = 1P (A) [l = [Tl (B.5)
=M A =P (A) .

Next, the definition of C implies that the empirical risk function is bounded above. Since
E(é,f[) >0, and v = cyw, we have

VNT
1 Ce,
0 < drcasr (014 2= 1811 ) + 0 2 (1P () . - M (&) 1)

< VNT[8]| + (e + 1) [P (A) |« = (¢ = 1) M (A) |
<VNT 6] + 2¢,|[P (A) ||« = (cr = 1) | A

Hence, within B N C, we have (§,A) € A, where A is defined in (4.2). Therefore, by
Assumptions 4, the excess risk function is bounded below by
inf E(0,11)

(6,IT)eA2NnAs
1812+ wz 1 AIE =731

2
1 p
= inf E|— Y X;6+A
N (G,H)ler}420A3 “ NT Zl j05 +
181+ 57 1A =R r i= F
1
> inf J 2 All2
= Ga)ednd, RSO {H | +NT” ||F:|

2, 1 2
181°+ w7 1Al E=7%r

2
= SCRSCVYNT
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Summing these up, over the event A, N Az, we have

cnscrbr < drcer (014 2= 1811 ) + 0 25X (1P () | - M (@) 1)

< ¥nrcenr [0]] + w]f/TEVT {leo + D IP(A) I« = (e = D) [IM (A) [}

< pnreonr 8] + EYIENT (0 41y 1P (A) ).

VNT

¢, +1
< Ce S| + = 2r ||A )
wrcar (101 + S22 Va7 |l

< (¢, )\/_wNTCsNT (H5H + =

< (e + 1) VArYnrCe NTYNT

=1l

The first inequality follows from (B.5). The third inequality holds because [[M(A)]], is

positive and ¢, > 2. The fourth inequality is derived from Lemma B.3(iii) and (iv).
(Cu+1 \/E

CRSC

Consequently, ynr < “—"—1nrc. n7, leading to P, =0 w.p.a.1. [ |

Corollary 1 presents two key results. First, it establishes the consistency of our rank
estimator 7. Second, it outlines the convergence rates of A and F, which form the foundation
for the iterative localized estimation in the second step. The proof for the second part is
analogous to that of Lemma 2 in Chen, Dolado, and Gonzalo (2021), but we provide it

here for the sake of completeness.

rer

Proof of Corollary 1. Denote yyr = Unr Nde

and thus from Theorem 1, we have
IPS

VNT HH — 1l

of IIy. Note that Assumption 5 implies that here exist constant ¢ > 0 such that, with

probability approaching one, for all s < r: ¢ 'W/NT < 0, < ¢v/NT,and 02 ;—0? > ¢/ NT.

Part (i): To show that our rank estimator 7 is consistent, we first use Weyl’s inequality

= O, (ynr). Let o3 > -+ > 0, > 0 denote the nonzero singular values
F

to obtain the error bound of singular values. That is, w.p.a.l,

(1) o,

Based on the results of Theorem 1 and the assumption that o, (Ilp) = -+ = oyar (Ilp) =

max {
se{l,...,.NAT}

j it < [t -]
F

0 (i.e., the true rank is r),

o (ﬂ) — o, (Ip) |,

max

s<r r+1<s<NAT

o (10)|} < VAT

max {max

o4



By Assumption 5, we have o, < v/ NT¢,. Thus,

min o, <f[> > (¢, —yn1) VNT +~yNy7VNT 2 NTv

s<r

max o, <f[> <Ayt =o0p (NTv)

r+1<s<NAT

This proves the consistency of 7.

Part (ii): To simplify notation, we omit the hat notation for the estimator and
instead define ﬁ |II —ILy|| , = w7, where IT = AF’, with A and F normalized such
that F'F/T =1, and A’A/N is diagonal with non-increasing diagonal elements. Under this
normalization, A and F' are uniquely identified.

First, let U € R™" be a diagonal matrix whose diagonal elements are either 1 or —1.
Since F'F/T = F{F,/T =1, and ||Ao|| /v/'N < & by Assumption refassu:factor, we have

1A = AUl /VN = [[(A = AU) F'|| p /VNT = |AF" = Mo Fg + Ao Fy = AU F'|| /VNT
<IAF" = AoFgll g /VNT + [[Aoll /[VN - |F = FUl| o /NT
<Nt +el|F — RU| /VT.

Thus,
IA = AUl /VN +||F = FoUl| /NT < vt + (1 +0) [|F — FyU || /VT

Second,

|F — RU|p /VT = ||RU — F(F'FUJT) + F (F'RU/T) — Fl /YT
< ||RU — F(F'RU/T)||p /NT + |F (F'RU/T) — F|lp /NT
= |MpFol|p /YT + || F'Fy/T - U|

where Py = A (A’A)fl A and My =1— Py4.
Third, we have

1 / / / / /
WII(AF — AoFg) Myl < /rank [(AF" — AoFg) My] - | M| - [IAF" — AoFG|| /VNT

SIAF = AoFyllp /VNT = ynr (B.6)
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and since

I(AF' — AoFy) Ml /VNT = [[AoFgMp|| /VNT

= V/Tr[(AjAo/N) - (F{MpFy/T))

> Jone/Tr (FyMpFy/T)
_ o | Mr Byl VT

It follows from (B.6) and (B.7) that

1
IMpFollp VT S | ——nr
Nr

Similarly, it can be shown that

/ 1
VT < - - @

Fourth, we have

1

WH(AF’—AOF@PFHF \/—||AF' NoFyllp - || Prllp =
SO 1
TNT |[(AF" — AoFy) Ppll 5
1
= UNT |AF" — Ao (FoF/T) F'||
1
=N A = Ao (FoF/T)||p < Vrywr

Likewise, it can be shown that

1 /
7 Ao — A(F'Fy/T)|| o < Vrywr

(B.7)

(B.8)

(B.9)

\/_ rYNT

(B.10)

(B.11)

Fifth, define Ry = F'Fy/T. Note that FRy = FF'F,/T = PrFy, thus

I, = F)Fy/T = Ry (F'F/T) Ry + F)Fy/T — R, (F'F/T) Ry

= Ry Ry + F{Fy /T — FyFRy/T + F,F Ry /T — Ry (F'F/T) Ry
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because
FyFRy/T — R (F'F/T) Ry = (Fy — FRT)'FRT/T = FyMpFRy/T =0
In addition,

AyAo/N
= R, (NA/N) Ry + (AyAo/N — Ry (NA/N) Ry) (B.13)
= Rl (NA/N) Ry + Ay (Ao — AR7) /N + (Ag — AR7) ARy /N

Similar to the proof of (B.12), we have
I, = RpRy + F' (F — FyRy) /T = RyeRy + F' Mg, F/T (B.14)
From (B.13), it holds that

AoAo/N =R (NA/N) (Ry) ™ RyRp + Ay (Ao — ARp) /N + (Ag — ARy) ARy /N
=Ry (NA/N) (Ry) ™" + Ry (WA/N) (Ry) ™ (RypRe = 1)
+ Ay (Ao — ARy) /N + (Ao — ARy) ARy /N

and then it follows from the above equation and (B.12) that
(AgAo/N + Dy7) Ry = Ry (NA/N)
where
Dyr = Ry (NA/N) (Ry) ™ FyMpFy/T — Ay (Ag = ARp) /N — (Ao — ARy) ARy /N

From (B.8), (B.10) and (B.11), we have || Dnrl||» < var. Hence, by the Bauer-Fike theorem,
it holds that

|Omin [MA/N] = omin [AgAo/N]| < [Dnrll < [[Drllp S v (B.15)
Moreover, by Assumption 5 and the perturbation theory for eigenvectors,

[1R:Ve S = Ll = [[Bp Ve — S|lp S d (6, 60)

~

—-1/2

where Vi = diag ((RTJR/T’I) vy (Ryye %’T)—1/2>’ and Ry ; is the jth column of R
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Furthermore, (B.9) and (B.15) imply that oy, [A’A/N] is bounded below by a positive
constant, and that || Mg, F||, /VT < ynr. From (B.14), we then have

Ve =Tllp S |1ReRy = Ll = IMe,F 5 /T S Ve
Note that the triangular inequality implies that
1Ry = Sllp < |1 B2Ve = Sllp + |1RpVe = Bellp < [BpVe = Sllp + | Brllp - Ve = Ll

Thus,
I1F"Fo/T =S|l p = [|[Rr — Sllp S vt

Finally, setting U = S, we then have || F' — FyS||,, /VT < ynr and similarly ||[A — AgS|| /vVN <
INT- n

B.3 Discussion of Assumptions in Single-Index Models

In this section, we specialize to the case of single-index models and introduce two
auxiliary assumptions that together lead to the Restricted Strong Convexity condition in
Assumption 4. We further provide primitive, low-level conditions that verify one of these
assumptions.

We first recall that the single-index specification assumes that the conditional distri-
bution of Yj; given X;; depends only on the scalar index X/,0 +7;;. The common parameter
0 captures the marginal effect of observed covariates, while 7; accounts for latent, time-
varying or individual-specific unobserved heterogeneity. Formally, the loss function can be

written as

((Wit; 0,m3t) = g(Yit, X0 + 7Tz‘t),
where W;; = (Y, Xit). In this setting, the population model (2.1) continues to hold, and

estimation proceeds via the regularized sample criterion in (3.2).

Restricted Strong Convexity We now introduce two auxiliary assumptions that to-
gether imply the high-level Restricted Strong Convexity (RSC) condition in Assumption 4.
These conditions are formulated to separate local strong convexity of the objective function

from separability of A from the covariate X.

Assumption B.1. There exist constants ¢; and ¢, such that for all (N,T'), the inequality
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16])* + 7 IA|% < ¢, where § is a p-dimensional vector and A is an N x T matriz, implies

1
5(90—|—5,H0+A)201E ﬁ

» 2
D X0+ A
Jj=1 F
Assumption B.1 is a local strong convexity condition, similar to those commonly used
in the literature on non-convex low-dimensional M-estimators. Specifically, the condition
is imposed within an fy-ball of fixed radius around the true parameters. In the low-
dimensional setting, i.e., when A = 0, Assumption B.1 simplifies to the requirement that
& (6 + 0,0) > ¢||6]]* for some constant ¢, under the assumption that min, ; pimin (B [X3XE]) >
¢. When fixed effects are present and the loss function is strongly convex and smooth (i.e.,
the second derivative exists and is bounded away from zero), Assumption B.1 is easily satis-
fied. For more general loss functions, sufficient conditions for Assumption B.1 are provided

in Proposition B.2 below.

Assumption B.2. For all (§,A) € A, there ezists a universal constant crsc > 0 such that

2 2
E > NT - rse [10]° + rse | AllE

2
p
> X6+ A
=1 F
Intuitively, Assumption B.2 requires that A cannot be fully explained by X, and thus is
separable. Its verification is challenging without imposing further conditions on parameter
space. See also discussions in Moon and Weidner (2019) and Miao, Phillips, and Su (2022)

following their Assumption 1 and Assumption 2, respectively.
Proposition B.1. Suppose Assumptions B.1 and B.2 hold, then Assumption J holds.

Proof. The result follows directly from the definitions of Assumptions B.1 and B.2. H

Low-Level Sufficient Conditions. We first establish sufficient conditions for Assump-
tion 3(ii), which guarantees identification, and then for Assumption B.1, which ensures
local strong convexity of the expected criterion in single-index settings.

With a slight abuse of notation, we define the index function as Z;; = X/,0 + m; € Z,
where Z ={z€R|z=2"0+7s.t. (z,0,7) € X x © x &}. Define

m(z,x) =E[l(Yi, 2) | Xig =2|, (2,2) € Zx X,

and let Zy;; = X060 + 7o denote the index function evaluated at the true parameter

values.
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We define the expected score function as s(z, x) = %m(z, x) and the expected Hessian

as H(z,z) = %m(z,x). We denote s;; = $(Zi, Xi) and so 0 = s(Zoit, Xit). Similarly,
we denote Hit = H<Zit7Xit) and HO,it = H(Zoﬂ't, th)

Proposition B.2. Suppose Assumption 3(ii) holds, along with the following conditions:
(i) There ezists a constant ¢ > 0 such that max; ¢ pmax (E [ X3 X},]) < &

(i) The partial derivatives of m (z,x) with respect to z up to the third order are uniformly
bounded in absolute value over (z,x) € Z X X;

(iii) It holds that SN S B [sou (Z — Zou)] > 0;

(iv) The expected Hessian Hy; is positive definite and, in fact,

inf inf 1,05 (Hoit) = Conin
i€[N],te[T] XiteX'u ( 0, t) =

for some constant ¢, > 0.
(v) The following holds,

3/2
: (E (ﬁ Sy Y (X768 + Ait>2)>
0<q:= inf ~ . :
(BA)EVISA0 [ (ﬁ Doin1 Do | X150+ Ayl )

where Vi = {(6,A) € R? x RN 16]” + ~ 1A < aj.
Then Assumption B.1 holds.

Condition (i) requires that the eigenvalues of E[X;X/,] are bounded from above, a
standard assumption in high-dimensional models. Condition (iv) ensures the positive def-
initeness of the expected Hessian matrix at the true parameter values, and Condition (v)
imposes a nonlinearity condition as in Belloni, Chen, Madrid Padilla, and Wang (2023)
and Belloni and Chernozhukov (2011).

Proof of Proposition B.2. Using a third-order Taylor expansion of m(Z;, X;;) around

Zoit = X,00 + mo.it, we obtain

1

E(2)=E |57

> (m(Ziv, Xit) — m(Zo e X))

it

1
= NT ZE [S(Zo,m Xi)(Ziw — Zo,i) + %H(Zo,it, Xi)(Zy — ZO,it)2 + 7zt
it
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where the remainder term satisfies
83
’ ﬁm(z, th)

1
|7z.4t] < = sup
6 z2€EZ

c
| Ziy — ZO,it‘g < FM’Z# — ZO,it‘g

for some constant ¢y, > 0 by Condition (ii).
Since E[s(Zp i+, Xit)] = 0 and the smallest eigenvalue of the expected Hessian satisfies
Lmin(Hoit) > ¢min > 0 by Condition (iv), it follows that

1 Cmin c
E(Z) > NT ;E [T(Zit - Zo,mt)2 - FM’Zu - ZO,it|3i| .

By the definition of V; and the boundedness of X;;, we can choose a constant ¢, < ¢ such

that )
1 3qcrnin
—Ejzi—zi 2| <
NT “( ¢ = Zoi) _(CM)

Substituting this into the previous inequality yields

1
7 (%~ Zo,it)2] :

2,t

E

£(2) > CrgnE

which verifies Assumption B.1 with ¢} as defined above and ¢; = ¢y /6. |

C Proofs of Inference Results

C.1 Notation and Choice of Norms

In this section, I adopt the notations introduced by Fernandez-Val and Weidner (2016)
and Chen, Fernandez-Val, and Weidner (2021). I extend their asymptotic results for “joint
estimators” to the framework of my iterative procedure. We collect all these effects in the
r (N + T)-vector ¢nr = (A1,..., AN, f1,--., fr)". The model parameter 6 is the coefficient
of interest, and the vector ¢y is treated as a nuisance parameter. The true values of the
parameters, denoted by €y and ¢g = (Ao, ..., Nons fors - - -5 for)s are the solution to the
population conditional maximum likelihood.

As discussed in Remark 1, the factors and factor loadings are not separately identified
without suitable normalization. In the first-step estimation we adopt a standard normaliza-
tion commonly used in linear and nonlinear factor models; however, for deriving the asymp-

totic distribution we employ an alternative normalization, following Chen, Fernandez-Val,
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and Weidner (2021). Specifically, we impose the restriction that ZZ]L AoiNy; = Zthl forfoss

and define the restricted parameter set as

N T
o = {qb € R% ; ZAOi)\; = thf(l)t}
t=1

=1

Imposing 95 € ® is not feasible in practice because the true parameters appear in
the definition of ®. Nonetheless, all asymptotic results concern the estimator é, which is
invariant to the choice of normalization for gg Thus, treating ngS € ¢ as if it were imposed
is a technical device used solely for the proofs. With slight abuse of notation, we redefine
Lyt (0, A, F) for Ly7 (0, A, F) in the main context, and introduce the following normalized

criterion function

b 2
L 0,\,F)=1L 0.\, F)— ——||AJA — F'F,
NT( ) Y ) NT( ) Y ) 2NT H 0 0||F
where b > 0 for some constant.
To simplify notations, we suppress the dependence on NT of all the sequences of
functions and parameters, e.g. we use L for Lyr and ¢ for ¢np. Partial derivatives are

denoted with subscripts, e.g. 9pL(0, ¢) denotes OL(, ¢)/00 and so on. Let

S(0,0) = 0uL(0,9), H(0,9) = 0 L(0, D)

where 0, f is the partial derivative of f with respect to x, and additional subscripts denote
higher order partial derivatives. We refer to the dim ¢-vector S(6,¢) as the incidental
parameter score, and to the dim¢ x dim ¢ matrix H(0,$) as the incidental parameter
Hessian. We drop arguments when evaluating at the true parameter values (6, ¢o), e.g.
H = H (0o, po). We use a bar for expectations given ¢, such as 9L = E [3pL], and a tilde
for variables in deviations from expectations, such as 0L = 0L — Oy L.

We follow Ferndndez-Val and Weidner (2016) (FVM) in using the Euclidean norm || ||

for vectors, and the norm induced by the Euclidean norm for matrices and tensors, i.e.

dim 6
Opoo L(0 = max Z UpV;0 L(0
10900 L0, 9)|| woeram a1 v || 2= kV1090,.0,L( 7¢)H

For matrices this induced norm is the spectral norm. Since the number of fixed effect
parameters in the model grows with N and 7', the choice of norm for vectors and matrices is

important. Following FVW, we choose the ¢,-norm for dim ¢ vectors and the corresponding
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induced norms for matrices and tensors

dim 8
Opea L(6 = max U0, L(0,
19506 L0 OMa = | o cqam B 1o lc;l o 0

Note that for w,z € R4™¢ and ¢ > 2,
w'a] < [lwllgllzllyq-1 < (dim @)@/ 9|fwl],|l2]|,

See FVW for more details on these norms. We also define the sets B (d, 0y) = {0 : ||0 — 6o|| < d}
and B (d, ¢o) ={¢: ||¢ — ¢o|| < d} for d > 0.

In the remainder of the section, we assume that all assumptions from Section 4 hold
for all lemmas, unless explicitly stated otherwise. Additionally, we use the fact that the
radius of our localized region dyr = o, ((NT)_1/4+6>, for 0 <e < % — %} with ¢ > 4, when
N and T go to infinity at the same rate.

C.2 Proof of Theorem 2 and 3

The first lemma is important for the stochastic expansion of é(m“), as it states that

the expected incidental parameter Hessian matrix is asymptotically diagonal.

Lemma C.1. We have
[H = H | =0, (1)

where Hy = diag <'H>(k)\/\), szff)). Furthermore, for0 € B (dnr,00) and ¢ € B (\/N V Tdyr, ¢0> ,
there exists a constant ¢ > 0 such that VNTH(0, ¢) > cl.(v+r) w.p.a.l.

Proof of Lemma C.1. The result follows directly from Lemma 2 and Lemma 3 in Chen,
Fernandez-Val, and Weidner (2021); we therefore omit the proof. |

Lemma C.2. Let ¢ =38, e =1/ (16 + 2¢), and dyr = 0, <(NT)_1/4+6>. Then, we have
(i) For the g-norms defined before, we have

151l = 0, (NT) ) ane] = 0, ((VT)2) L Il =0, (VD))
]]89¢/£|\q = Op <(NT)—1/2+1/(2Q)> : Ha%’EH _ Op (1) , H89¢¢£Hq _ Op <(NT)—1/2+E> ’
H8¢¢¢£”q — Op <(NT>—1/2+6> 7
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and

IS =0, (V1)) |37 =0, (VAT), || =0, (VAT)

[t =7 =op ((NT)PR),||pt = (R = )| = op (VD))
0w L1l = Oy ((NT)) . [Bhaull] = O, ((NT)™27)
Y e, L[HTS] | =0, ((NT)—3/4+1/ <2q>+6>
g
> Oswa, L[HTS] | =0y ((NT)—3/4+1/<2‘1>+6>
g
(ii) Moreover,
1| = op (NT)~5/%), Hage,z | =op(1), |Gl = or (NT)F%),

Hagd,,ﬁ — op ((NT)™%4) .

‘ =0, ((NT)fl/z) : || Z a¢>¢g¢>h£~ [ﬁ_ls]g [ﬁ_ls]h
g.h=1

(iii) For all 0 € B (dnr,60y) and ¢ € B (\/N V Tdnr, ¢0>, we have

1060 £(6, )| = Op (1) (|10 L6, )], = Op (( )1/2“/(2‘”), 18000 L (0, 0)|| = O, (1)
10000 L8, D), = ((NT)—1/2+1/(2q)>’ 100s0£(60, 9)], = O, ((NT)‘1/2+6),

10566 L(0, 9)[l, = Op (( T)” 1/2+6>, 10056 L0, )|, = O, <( T)~ 1/2“)’

91506 £0. |, = Op (NT) /24 00 L0, 9), = Oy ((NT)7/2)

Proof. The proofs follow those of Theorem 4 in Chen, Fernandez-Val, and Weidner (2021)
and Theorem C.1 and Lemma S.7 in Ferndndez-Val and Weidner (2016). |

Lemma C.3. The following stochastic expansion holds at the updated parameter 6:
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where

W = gy L
o — Qo L) H™ (040 L)
UM = —05L + (0g L) H™'S
U = (|0 £]| HT'S = (00 £] HHH'S)
Y (oo, L+ 005 L] H [0p0, L)) HT'S (HT'S),
g€(dim(¢)]

and the remainder term satisfies Rém) = 0p (Hé(mﬂ) — 90H>+0p (Hé(m) - 90H> +op ((NT)_I/Q)-

+

N | —

Proof of Lemma C.3. Based on Theorem B.1(i) in Ferndndez-Val and Weidner (2016),
we have
AU
_ _ 1, _ _
= —H " (Dpp L) (6 — ) — H'S — oM " (Ospro, L) HT'S (M 'S), + Ry (6)

g

and the remainder term of the expansion satisfies

[Rig ()|, = sup  v'Rig(0)

Illq/(g-1)=1
=0p [(NT)l/q+e||0 — 00”2 + (NT)—1/4+1/11+6||0 — |l + (NT)—3/4+3/(2q)+21
=op ((NT)I/BH/@Q) |0 — 90H2) + op ((NT)*1/8+1/(2q) 16 — ‘90H>

¥op <(NT)—1/2+1/(2q)>

We can further decompose the deviation of the incidental parameter estimator as

3(6) — 60
= —H " (040 L) (0" —6)) — H 'S+ H 'HH'S
Y (Gure, £) H 'S (H'S), 4 Rag(6) + R (0) 1)
g
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where
Ry (0) = [H™ (0s0 L) — H™* (9w L)] (6 — 60) + [H—l - (”H-l - ’H—lm‘z—lﬂ S

1 _ _ _ — N -
5 | H D (Bewrs, L) HIS (HTIS) = HT' Y (Ouwe, L) HTIS (HT'S),

g g

Again, by Lemma C.2, we have
IRy 6) |

< 1t = H 0ol 16 = boll + ]| 2oL | 6 — 6ol

o ()

I8l

L i1l o 1|1 [yt
o () 17 =2 S

D Oswro, L[H'S],
g

A

D oo, L[HT'S],
g

Ly
sl s

Y oo, L[H'S] LHTS],
g,h
=0, (V)™ 110 = 601l ) + 0, ((NT) ")
uniformly over 6 € B (dyr,6p). Note that by Lemma C.2, we have
[6@ = oo <11, 18T + 177, [196£1, 10— ol

1,13
T3 [H 19566 L1, 1S117 + | Rrs (O)]],

= Op ((NT)—1/4+1/(2Q)) + Op ((NT)l/(QQ) He N 90”)
= 0, ((NT)/C2 g - 6]

Next, We expand 0pL (é(m“), (5(7”)> around (6y, ¢o) and get

0oL (é<m+1>, ng(m)) —0yL + (Do L) (é<m+l> _ 90) + (Opr L) (gfs(m) . gb())

1 _ - m
t5 D [Owe L] HTS (H'S), + R

g9€[dim(¢)]
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and the remainder term satisfies

ST (e, £] (6™ = o) (6™ =) — S [Ohe, L] HIS (HT1S),

g€ldim(g)] 7 geldim(g)]

1
+ B 1 Oago £ (67, ¢0) ||

q

. 2
‘9(’”*1) — 90” + (NT)2H4|0gge £ (B0, 67)

. 1 ~ ) 3
gom+1) _ QOH + G (NT)1/2 1/q 199s00L (0%, do) . ¢( ) _ ¢0Hq

2) +op ((NT)—W)

q

(o=l o

o (Ji ) o

where 6* lies between ™) and 6, and ¢* lies between ngS(m) and ¢y.

We can further decompose

0~ )+ 0, ([~ 60

Gom+1) _ 60’

6 — 0] |) + op (V1))

(99,6(9 (m+1) (b(m))
- ag,c + (899 E) ( m+1) 00) (89(;5//3) (Qg(m) - ¢0>
+ —Z oo, L) HT'S (HT'S) + Ry™
—W (9 (m+1) 90) —y© <é<m> - 90) —yW —py@ 4 g™
where the last equality uses (C.1), and Rém) takes the form

Ry = R+ (90 L) (800 — 0 ) + (00w £) - (D L) (07 — 06) — (9o L) HHAT'S

Ll
2

1 N o _ _
T3 <89¢>’£> HT Y (Do, £) H'S (HTS), + (G0 L) (Fag (07) + Fag (07))
g

> (Oos, L)HTIS (HTIS) = > (O, L) HTIS (HT'S),

g g
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Furthermore, from Lemma C.2, we have

] = 5 ] e ]« s 1 w2

o
e ] ]
2 Wl (0 + 72 e =2 s

12
A

Ouao||ISI + (NTY 2 0, ], | Rao (6) |, + (|00 ] | R
=[] e ( )

0+ — o) + 0p ((NT)
oo -4l o (077
- (-] (0~ o (01

The desirable results then follow. [ |

Before proceeding to the next lemma, we introduce several quantities. For any N x T
matrix A we define the N x T matrix PA as follows

(A = N for + Xuf7s - (A%, 7) € arg min > E[0rala] (Au — Nfor — M2
DIt

Note that PP = P. We also define the linear operator P as

A

PA=PA A, =——" _
: " E[0,20y)]

(C.2)
The next lemma gives a convenient algebraic result, which is used extensively in de-
riving the asymptotic expansion for the estimated common parameter. This is a straight-

forward extension of Lemma S.8 in FVW.

Lemma C.4. Let A, B and C be N x T matrices, and let the expected incidental param-
eter Hessian H be invertible. Define the v (N +T) vectors A and B and the r (N +T) x
r (N + T) matriz C as follows™

1 < (22 Aitfor) i) ) B _L ( (224 Bitfor) e )
NT (Zz Ait}‘Oi)te[T] , NT (Zz Bit)‘Oi)te[T]

A3Here, (>0, A fOt)ie[N] is a rN-dimensional vector with its i-th block to be a r-dimensional vector,

> At for -
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and

c_ L diag ((Zt Cithtfét)ig[N]> (Cit)\Oif(l)t>ie[N],te[T]
NT (CitAoi f; 6t);e[N},te[T} diag <(Zi C“)‘Oi)‘éi)te[T])

Then
(i) AHT'B = ﬁ sz\il Z?—l (EDA) By = NT Zz 1 Zt 1 ( ) tAZt;
(i) AHB = 3 21, S B0t (BA) (BB)
(iii) AHICHIB = L YN v (f@A) G (EDB)

it
Proof. To simplify the notations, we consider the case r = 1, but the proof can be easily
generalized to the case r > 1. Let A/ fo, + Aoif; = (IP’A) it = <]§’A> it, With /Nll-t defined

n (C.2). The first order condition of the minimization prblem in the definition of (]Pfl) it
_ AF A* _
can be written as H ( e ) = A. One solution to this is ( e ) = H'A. Therefore,
_ A* -
AH B = . B = ﬁ Zfil Zthl (IP’A) i+Bi;. This is the first equality of the state-

ment (i), and the second equality in statement (i) follows by symmetry. Statement (ii) is

a special case of statement (iii) with C = H. Let \;for + Xoifi = (]P’E’) i = <]I~”B> i with

- A _
B = E[(?B—itf]. Analogous to the above, choose = H~'B as one solution to the
2 bt
minimization problem. Then AH'C'H B = = SV ST (I@A) Cit <]§’B> : ]
it it

Lemma C.5. The approzimate Hessian and the terms of the score defined in Lemma C.3

can be written as

L N
W= _—_ Z Z IE [Ogol ]
NT i=1 t=1
1
g — = Z Z E [0,201=4Z,]
NT =1 t=1

N T
1
2 - - E § , - §
U = NT At (Dyrliy — E[Dygrlir]) + 5 NT AZE [Dgyaty]

i=1 t=1 i=1 t=1

where D@ﬂqgit = a@wqgit - Eit 7rq+1€it with q= 07 17 2.
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Proof of Lemma C.5. First, it is by definition that

The terms U is easy by Lemma C.4(ii). Since E[0L] = 0 and E[S] = 0, we have
E [U™M] = 0. Also, from Lemma C.3 and Lemma C.4(i), we have

(1) 1 N _ 1 N T
= 77 2 D (0l + Eudeli) = 5 z:: 2 — Dyl

i=1 t=1

It remains to show the decomposition of U?). Define Ag it to be

N T
1 ) / — y [ — y 7 —

j=1 =1
(C.3)
In addition, with Lemma C.4(iii),
e [aw.c] S — 00y L) HOHAT'S
t3 Z (Ooor, £+ [Oogy L] HT" [Dp9r, L]) HT'S (HT'S,)
g=1
| NI i )
=~ At ( Oprlis + EitOr2liy
S )
;] N o
+ o7 >N A (B [pn2lis] + (00w L) HE [0p052L1])
i=1 t=1
1 S 1
e Azt D97r it E[DHW zt A E D07r2£zt (04)
N2 ot Z Z /
U<2a) U?;’>

where the penultimate equality uses Lemma C.4(i). For each ¢ and ¢, 0,0,2¢; is a dim-¢

Al,
vector, which can be written as 0;0,20; = 1 ") for an r (N x T') matrix A with
rN
elements Aj; = 0,3, if j =4 and 7 = ¢, and A;; = 0 otherwise. Thus, Lemma C.4(i)
giVGS (89¢/,C_) 7:[’18¢8ﬂz€it = — ij EjTé(i:j)é(t:T)&ra»&t = _Eit 7r3€it- [ |

Lemma C.6. The terms of the score defined in Lemma C.3 have the following limiting

behaviors, U® = O, (1/\/NT), v = 0, (1/\/NT), and U® 25 B, /T + D /N,
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where By, and Do, are defined in Theorem 3.

Proof of Lemma C.6. It is clear that U = O, (ﬁ), and by CLT, vVNTU® L
N (O,ioo), where

N T
_ 1
Yoo = th,T%ooﬁ Z Z E [(Dg&-t) (Dégit)/]

i=1 t=1

As for U®| the main focus is to show that the bias formulas by taking account the specific

structure of the incidental parameters Hessian. Decompose
A=A+ AT + AT + A
with
| X T
1 _ -1
A’ =—NT > forH oo > 0cljr for
j=1 r=1
T N
2) _ -
Ay’ = _ﬁ Z f(,)tH()\lf)iT Z aﬂgjfkoj
A = ZA ™ tJZf")‘ i for

it -~ NT ZA ff ZE}’ CirAoj
We look at two decomposition terms U?% and U™ as specified in (C.4). Let
U(Qa) _ U(Qa,l) + U(2a,2) + U(2a,3) + U(2a,4)

where

9,7,

U(2a,1) NT ZfOt /\A)U (Za 5]7f07> Dyl — E [Dt%gzt])

U(2a 2) — NT Zfot )\f)ZT Zaﬂ"ng)\O‘] D97r it Deﬂglt])
J

t,7,%

D97r it D9ﬂ'€it])

t, T,

U(Qa 3) NT Z )\ %Zfl)\)t] Z aﬂ'£j7'f07> D97r it Deﬂglt])

et = NT 3 NH G [ D Onlizhos | (
J
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Use H?-_[’l — 7-_[;1H = O, (1) by Lemma C.1, and apply the Cauchy-Schwarz inequality
to the sum over ¢ in U?®3) and since both A\, f/\)ﬁ Uiz for and (Dgrliy — E [Dgrly]) are

mean zero, independent across ¢,

(UCa)? < (N1T)4 3 (Z NoH O éﬂfof> > (Z (Dorli — E [Dew&t])>
Y 0,(N

Thus, U3 = 0,(1/v/NT). Analogously, U?*? = 0,(1/v/NT).
_ -1
According to Lemma C.1, ’H(_/\l)\) = diag [(ﬁ ZL E [Ox204] fOtf6t> } +0,(1). Anal-
ogously to the proof of U243 the O,(1) part of 7-_[(}1/\) has an asymptotically negligible

contribution to U1

=0, (1/ (N*T)) = o, (%)

= (N1T)4 > O,(NT)

U(Qa,l)
1 _
- (NT)2 Z f(l)tH(alk)ij (Z aﬂgj‘rf(”') Z (Deﬂgit —E [Dgﬂgitb
ij T t
1 , 1 4 / -
(Z 0 grrfO'r) ; (D97r i — E [Deﬂelt])} +0op (V%)

N

1 N / 1 '
T N Z Z Z ot (Z E [Or20;] fOtf0t> JorE [0xlis Dorlir] +OP<W)

i=1 t=1 7=t

-

=B1)

2
Note, previous assumptions guarantee that E <Ui(2“’1)> } = 0, (1/ (NT)) uniformly

over i. For the numerator, both 0.¢;; for and (Dg.l; — E[Dgrl;y;]) are mean zero weakly
correlated processes, hence the sum over which is of order v/T each. The denominator of
of Ui(la’l) is of order T as it sums over T'. The last equality applies the WLLN over 1,
<> UZ@a’l) = %EU}QG’D + op(1), and by using E [0,¢;; Dprli;] = 0 for t > 7. Analogously,

T N -1
1 1 1
UC* = — - NS N | D D E [0l Midy: | Aol (02 Doxl] +o <—)
N T i=1 " i—1 Ol Ao o 0Dt o VNT
::z)f(U
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The definition of A; induces the following decomposition of U(??)

4
U — Z U(zb“s’l), U@l — 2NT ZA'Lt zt [D97r2£lt]

s,l=1

Due to the symmetry U5 = [J(b49) this decomposition has 10 distinct terms. Starting

with U®13) we have

N
1
L3 Z Ui(2b,173)
NT £
U(2b13 1 E [Dys ] U(2b13)/\
= ﬁz on2lit) fou 0i
t=1
N
D) ZM f Zaf fi
it N2 >\)\)’Lj1 aTJor J27J 07 f)\)tJQ
J1.g2=1

Given that E[Y, 0-litfo:] = 0 and E[>, Oxlitfor >, Oxljr for] = 0 for i # j, along with
the properties of the inverse expected Hessian from Lemma C.1, we have E [ @1, 3)]

O,(1/N) uniformly over i, E [(U 2“3)) } = Op(1) uniformly over i, and E [U 2b13)U(2b13)} =
O,(1/N) uniformly over ¢ # j. This implies that E [\/NTU(%’L‘%)} = O,(1/N), and
E [NT (U219 - B [U®19])°| = 0,(1/VN). Therefore U9 — o, (1/V/NT).

similar arguments, we have U5l = Op <1/\/ NT) for all combinations of 5,1 = 1,2, 3,4,
except fors=1l=1and s=1=4. Fors=1=1,

1) _ % i Ui(2b,1,1)
=1
ey _ % i]E (Dynala] £, UV £,
t=1
e = iv: {H—l ( ZM fo) <LZT:8 Cire ! )7%—1 }
it N2 = AN)ij1 \/— jitJor \/T 7:1 mtjotJOr (AN)ijo

Analogous to the result for U539 we have E [NT (U@Ll — EU(%’L”)Q] = 0,(1/V'N).
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U(2b,1,1) ) [U(Qb 1,1)} +o ( 1 )
"\VNT
| X T -1
= —3NT 2_; 2_; E [Dgneti] fiy (2_; E [0 i fOtf5t> E [(Ontifor) (Oxlic for) ]

N
T o 1
: (ZE [Or2li] fOtf(l)t> Jor + 0p (\/ﬁ)

1 1 a / d / h !
=T N Z Z Jot <Z E [Or2] fOtf0t> JouE [Dor2tia] +0p (ﬁ)

i=1 t=1 =1 .
::\Br@)
Similarly,
1
U(2b74’4) — EU(?I)AA) + 0 ( )
"\VNT
1 1 LN N -1 1
== 33N, <Z E [0y205] AOZ-)\()Z-) AoilE [Dyg2liy] +0, (—)
N \QT P —— i=1 . VNT
D@
Summing up the above terms, we have U?® = LB 4+ LD 4 o, <\/#7T) and U®) =
FBO+%D® o, (A=) Since Bu = limy g o (BY + B®) and Dog = limy o (D + D),
then U® = LB, + £+ D + 0,(1). We have shown that
g »lp g (C.5)
T N

[ |
Now, we can proceed to prove our main theorems.

Proof of Theorem 2(i). Now we have

Q(m—‘rl) . 90

— Wwiy© (g(m) — 90) + w1y L wlp®@
+ 0, ([0~ 8]) + 0, (16 ~ do]}) + 0 ((NT) )

Let C© = w1 (89¢/E) H! (8¢9/Z). We want to show that o, (C'(O)) € (0, 1]. Note that
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by the Bartlett identities, E [0y L0y L] = Opor L, E [0pLS'] = Op L, and E [SS'] = H, then

(0L = (o £) H'S) (06L — (00 £) H'S)'
= 0y LOy L — 20,LSH ™" (g L) + (0py L) H'SSH™ (99 L)'
25 O L — (Opr L) H™" (90 L)

Therefore, W (]Ip — C’(O)) = Ogor L — (89¢/E) H! (8¢9/E) > (0. By Fact 8.14.20 in Bernstein
(2005, p.329),

Tmin (I = C©) > 0 (W) 0 (W (T, — C))
= 0k (7)o (W (1, = C)) = & (0.1]

where we use that W—W (I, — C©) = WC© > 0. This implies that ||C©V]| = oyax (CV) =
1- Omin (Hp - 6(0)) < 1— ﬁ S [0, 1) Wpal B

Proof of Theorem 2(ii). By Theorem 2(i) and the fact that W=U®M 4+ W-1U® =
O, ((NT)71/2>, we have Hé(m“) - GOH =0, (Hé(m) - 90”>. Continuous backward sub-

stitutions then give

O — gy = [WU©@ 40, (1)]™F (9<0 —90) (C.6)
+2m: { O L @ 4 oop ((NT)_1/2>} (C.7)

Thus, when m + 1 > — (L log (NT) + log (vn7)) / log (|C?]]), we can readily have
(WU© 40, (1)]™" ((9(0) - 90) -0, ((NT)_1/2>

by Theorem 1. This, in conjunction with the fact that W UM +W-1U? = O, ((NT) 1/2>
implies 0™+ — gy = O, ((NT)71/2>. |

Proof of Theorem 3. For any m > —11og(NT)/log (||C?]) — 1, the cumulative effect

(C.6) can be controlled as follows

I(C6)] < o2 (C®) O, (ywr) = Oy (NT)™2 7

1)



Then

[W*lU(O)}S {WflU(l) + W*lU(Q)} + 0, (1)

NE

VNT (8079~ 6y) =

Il
=)

=

= (=W wO) 7 (1= WU T) WOWNT (U 4+ U9) 4o, (1)
I—- WU WNT (UD + UP) + o0, (1)

W —UO) " VNT (U + U®) 40, (1)

/N /N

where the second equality follows from the summation formula for geometric sequences and
the penultimate equality holds since for m > —11log(NT)/log (||[CV]) — 1,

[V_V”U(O)}Wrl W-IWNT (UD 4+ U®) = 0, (W (UD + U)) =0, ((NT)_1/2>

Thus, by the definition of W, U® and Z,;, we have

N T

_ 1 =
W — U(O) - Z Z E [899&',5 — aﬂgit:it:;t]

i=1 t=1

D Additional Details on Empirical Application

D.1 Data Sources and Sample Construction

Our empirical analysis is based on firm and market data following the framework of
Ma (2019). The firm-level dataset combines information from Compustat, CRSP, IBES,
TRACE, Datastream, and Mergent’s Fixed Investment Securities Database (FISD). Flow
variables such as net equity repurchases, net debt issuance, and capital expenditures are
measured at the quarterly frequency and normalized by lagged total assets, while stock
variables such as cash holdings and leverage are normalized by contemporaneous assets.
Outliers are winsorized at the 1% level in all firm-level analyses. The sample excludes
financial firms (SIC 6000-6999) and firms with missing bond or equity identifiers.
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Firm-level bond variables are constructed from TRACE and FISD. The credit spread is
the face-value-weighted difference between each bond’s yield and the yield on the nearest-
maturity Treasury, excluding convertible, asset-backed, and foreign currency bonds and
those with less than one year to maturity. When yields are unavailable after November
2008, they are imputed from TRACE prices and FISD coupon information. The term
spread is defined analogously using Treasury yields of different maturities. On the equity
side, we construct the value-to-price (V/P) ratio following Dong, Hirshleifer, and Teoh
(2012), combining Compustat book equity, CRSP prices, and IBES earnings forecasts.

Quarterly net equity repurchases are defined as share repurchases minus equity is-
suance (PRSTKC-SSTK), and net debt issuance as long-term debt issued minus retired
(DLTIS-DLTR), each scaled by lagged assets. Additional controls include net income, cash
holdings, capital expenditures, and deviations from target leverage, all from Compustat and
defined as in Ma (2019). The aggregate bond yields and returns come from the Barclays
Capital / Lehman Brothers indices compiled by Greenwood and Hanson (2013), updated
with Bank of America Merrill Lynch data. Treasury yields are sourced from FRED, and
stock market data is sourced from Robert Shiller’s historical dataset.

To ensure comparability in the estimation of firm-specific effects, we focus on the period
2003-2024, when the coverage of TRACE becomes comprehensive. The earlier years used
in Ma (2019), particularly the pre-2000 period, are highly unbalanced - especially for bond-
level variables - and exhibit systematic patterns of missingness related to limited TRACE
reporting and incomplete data integration across sources. We define an observation as
missing if at least one of the key or control variables is unavailable for a given firm—quarter.
Consequently, we restrict the sample to the period 2003Q1-2024Q4 and construct a high-
coverage panel comprising 212 non-financial firms observed over 88 quarters. Firms are
retained in the sample as long as they have at least 44 quarters of observed data.

Figure A1 visualizes the distribution of missing observations across firms and quarters
in the final sample. Large blocks of missing observations near the sample edges primarily
correspond to firms entering the panel mid-period or exiting early, while the few short
gaps observed in the middle of the sample likely reflect random reporting noise rather than
systematic non-coverage. Accordingly, we proceed under the assumption that the data are

missing at random (MAR) in our empirical application.**

Ad\issing observations are common in empirical corporate-finance and asset-pricing panels. The objec-
tive of this paper is to achieve consistent estimation in high-coverage panels rather than to model system-
atic missingness. For broader treatments of structured or non-MAR missingness in financial panels, see
Freyberger, Hoeppner, Neuhierl, and Weber (2025), Cahan, Bai, and Ng (2023), and Bryzgalova, Lerner,
Lettau, and Pelger (2022). Extending the proposed framework to accommodate such forms of missingness
is a promising direction for future research.
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Figure A1 Data availability across firms and quarters. Each cell represents the avail-
ability of firm-level observations in the final estimation sample (212 firms, 2003Q1-2024Q4).
White cells indicate available observations, and black cells denote missing quarters.

Our updated estimation algorithm explicitly handles these limited gaps under the as-
sumption that missing observations are missing at random (MAR). The first-step estimator
employs the Soft-Impute algorithm of Mazumder, Hastie, and Tibshirani (2010), while the
second-step estimator inherently accommodates MAR data, following Bai (2009) and Chen,
Fernandez-Val, and Weidner (2021).

78



D.2 Additional Results

[r

‘1

I
1
!
“1

I|| II )
III
L

!
|

I — —_—————- = = = _ — =
- ——. - - -
e 1 —_ = - — -
e — T - B em—— e . o ———— e
e PSSR N = ——— e — i =
_-_I-\—_J-\_h__-m—_ —
_—— E————— - — —_————— = =

0.75

|
.l

:
.: '1
|

)
.@1'

0.50

ii
.||

1

1

I
L

,#
: r}'
|

i

i
ﬂ,

|
r

Lt b

- —— ——r - — = ‘ o
C—————— S E TSR —=———] T T = — o - —_ 2
N ——— o = — —_ = s
e eEr——— e e T T - A ——— e e S p— = 000 B
£ — i = X

= — e — —— —_—— ——— = H
ol ————— —— —— —1 7 — = = = ==

e s sl = o - - = = 2
| = e === =r = — 3
e e = W e = = —— =0 = —

—_— e = = m T T e L Cm— —= —— — = —— -0.25
e —————— e e [T — p—— —

)
i
|
L
'?j"

-0.50

i
.'i

)
3
'i

|
ﬁ
|
|II
'

|

|
|

|
j
f
jr.

j

-— - -0.75

—— ——r - =

e - =T == TSR = el p——_
e m——— e e e —— = | m—— e ———

e e e N g A p— ——
= — — — T e - ——= = — == = ——
o — = — = - - — e
= — = = = e = ____= e —
———— — —_— e ] — B — -

—_ = - B - - —=

&OJ
=2
)O(v
=),
&o\)

> > >

& & CH

S m° o S
Time Period (Quarters)

%,
%,
%,
%,
%,
£
%,

Figure A2 Residual heatmap from TWFE estimation. The figure plots firm—quarter
residuals from the TWFE estimator following Fernandez-Val and Weidner (2016).
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