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Abstract

This paper investigates nonlinear panel models with interactive fixed effects

and introduces a general framework for parameter estimation under potentially

nonconvex objective functions. We propose a computationally feasible two-step

estimation procedure. In the first step, nuclear-norm regularization (NNR) is

used to obtain preliminary estimators of the coefficients of interest, factors,

and factor loadings. The second step involves an iterative procedure for post-

NNR inference, improving the convergence rate of the coefficient estimator.

We establish the asymptotic properties of both the preliminary and iterative

estimators. We also study the determination of the number of factors. Monte

Carlo simulations demonstrate the effectiveness of the proposed methods in

determining the number of factors and estimating the model parameters. In

our empirical application, we apply the proposed approach to study the cross-

market arbitrage behavior of U.S. nonfinancial firms.
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1 Introduction

Unobserved heterogeneity is of broad interest in both reduced-form and structural

work in economics and other social sciences. Empirical data often include individual units

sampled over time from diverse backgrounds, with factors unobserved by econometricians.

Accommodating this heterogeneity in a flexible, yet parsimonious manner is challenging

but essential in practice.

Panel data, which involve observations on individual units over time, provide a valu-

able framework to model latent structures within low-dimensional manifolds. This is often

achieved by incorporating unobserved individual and time effects into the model, control-

ling for unobserved covariates that remain either time or cross-sectionally invariant. A fixed

effects approach imposes no distributional assumptions on these unobserved effects, allow-

ing them to be arbitrarily related to observed covariates. A notable example is two-way

fixed effects estimation for difference-in-differences, which has become a leading method in

applied economics.

The additive structure, however, assumes that the influence of unobserved factors on

individual units remains constant over time, failing to capture more complex dynamics. Al-

ternatively, fixed effects can interact multiplicatively, giving rise to interactive fixed effects

(IFEs) or factor structures. This multiplicative form provides a more flexible representa-

tion of heterogeneity, as it allows common time-varying shocks (factors) to affect cross-

sectional units with individual-specific sensitivities (factor loadings). For example, they

can account for aggregate shocks with heterogeneous impacts on agents in macroeconomic

models or capture multidimensional individual heterogeneity with time-varying effects in

microeconomic models. This flexibility motivated the discussion of interactive effects in the

econometrics literature. Bai (2009) and Moon and Weidner (2015, 2017) study the linear

regression model, treating individual and time effects as nuisance parameters estimated by

least squares. Chen, Fernández-Val, and Weidner (2021) and Wang (2022) extend the least

squares estimator to nonlinear panel data models with convex log-likelihood functions.

However, many important and widely used economic models, such as random coeffi-

cients choice models, do not have globally convex objective functions. The problem becomes

even more challenging when time-varying unobserved heterogeneity is represented through

interactive fixed effects. As a result, panel models with interactive fixed effects and poten-

tially nonconvex objective functions remain largely unexplored. Existing approaches in the

literature are not directly applicable because they rely on closed-form solutions or global

convexity.

To address this gap, the present paper develops a general framework for parameter
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estimation in panel models with interactive fixed effects under potentially nonconvex ob-

jective functions. The framework therefore accommodates a broad class of economically

important nonlinear models whose objective functions are not globally convex with respect

to the parameters of interest, such as random coefficients choice models. The proposed

estimation procedure consists of two steps. In the first step, we use nuclear-norm regular-

ization (NNR) to obtain preliminary estimators of the coefficients of interest, factors, and

factor loadings. In the second step, we use the first-step NNR estimator as an initial value

for a localized post-regularization iterative procedure, which refines the estimator for the

parameters of interest.

In this context, we make three contributions. First, we develop a first-step nuclear-

norm-regularized estimator for nonlinear panel models with interactive fixed effects. By

regularizing the latent interactive component through its nuclear norm, the method avoids

requiring the researcher to specify the number of factors in advance. We establish consis-

tency and convergence rates for the preliminary estimator and show that the number of

factors can be estimated consistently from the singular values of the NNR estimator. In

the case of convex objective functions, the first-step estimator is obtained from a convex

optimization problem, thereby avoiding the multiple local minima associated with rank-

constrained estimation.

Second, we establish new post-regularization inference results. Although the first-

step NNR estimator is consistent, it suffers from shrinkage bias and generally converges

too slowly for standard inference. To address this problem, we develop a second-step

iterative procedure that starts from the NNR estimator and removes the regularization

bias introduced in the first step. We show that, when initialized by the NNR estimator,

this iterative procedure satisfies a contraction mapping property and reaches the usual

parametric rate after a logarithmic number of iterations. We then derive the asymptotic

distribution of the resulting estimator, characterize the incidental parameter bias terms,

and provide bias corrections for post-regularization inference.

Establishing these convergence and distributional results is technically challenging be-

cause it requires controlling both the asymptotic bias and the stochastic error of the it-

erative estimator at each iteration. The proposed second-step procedure is conceptually

related to the iterative refinements in Moon and Weidner (2019) and Hong, Su, and Jiang

(2023). However, unlike those papers, which study linear models and exploit closed-form

updates, our setting involves nonlinear objective functions for which no closed-form update

is available. Moreover, although our procedure allows objective functions that need not

be globally convex, in the special case of single-index models with convex link functions,

we show that our second-step estimator attains the same asymptotic distribution as the
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estimator studied by Chen, Fernández-Val, and Weidner (2021).

Third, the paper provides numerical algorithms for implementing the proposed estima-

tors. For single-index panel models with convex loss functions, we compute the first-step

estimator using a modified Alternating Direction Method of Multipliers (ADMM) algo-

rithm. For random coefficients panel models with interactive fixed effects, we develop a

new majorization-minimization (MM) algorithm that constructs a surrogate objective. It

separates the update of the distribution of the random coefficients from that of the interac-

tive fixed effects, while incorporating the nuclear-norm penalty. Monte Carlo simulations

indicate that these first-step algorithms have good finite-sample performance and that the

associated rank estimator recovers the true number of latent factors. The simulations also

show that the iterative procedure improves estimation accuracy relative to the first-step

estimator.

We also provide an empirical illustration of the proposed procedure by revisiting Ma

(2019). Specifically, we study the joint debt-equity financing decisions of U.S. nonfinancial

firms using multiple firm-level financial datasets. The estimates produce economically

sensible outcomes that align with financial intuition. For example, firms are more likely

to issue equity and retire debt when the cost of debt is high and the cost of equity is

low, consistent with the view that firms may act as cross-market arbitrageurs in their

own securities. In addition, by allowing for both interactive fixed effects and random

coefficients, the model suggests the presence of heterogeneity in sensitivities to market

valuation measures.

This paper relates to three branches of the literature. First, it adds to the extensive

literature on panel data models with IFEs. Bai (2009) and Moon and Weidner (2015, 2017)

propose estimators based on quasi-maximum likelihood estimation and principal component

analysis. Much previous work has focused on linear models, while nonlinear models have

recently attracted attention. Chen, Fernández-Val, and Weidner (2021) extend Fernández-

Val and Weidner (2016)’s results to nonlinear panel data models with IFEs. Chen, Dolado,

and Gonzalo (2021) study quantile factor models, and Ando, Bai, and Li (2022), Gao, Liu,

Peng, and Yan (2023) study binary panel choice models. Relatedly, Boneva and Linton

(2017) and Chen and Zhang (2025) extend the common correlated effects (CCE) framework

of Pesaran (2006) to nonlinear settings. We refer to Fernández-Val and Weidner (2018) for

a recent survey. We complement and extend the literature by generalizing previous results

to a broad range of M-estimators.

Second, our work contributes to the burgeoning literature on nuclear norm penaliza-

tion, a technique that has gained popularity in estimating low-rank matrices in statistics

and econometrics. This approach has been explored in various works such as Agarwal,
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Negahban, and Wainwright (2012), Agarwal, Dahleh, Shah, and Shen (2021), Athey, Bay-

ati, Doudchenko, Imbens, and Khosravi (2021), Belloni, Chen, Madrid Padilla, and Wang

(2023), Beyhum and Gautier (2019), Candès and Recht (2009), Chernozhukov, Hansen,

Liao, and Zhu (2019, 2023), Fan, Gong, and Zhu (2017), Feng (2023), Hong, Su, and

Jiang (2023), Huang and Wolkowicz (2018), Ma, Su, and Zhang (2021), Miao, Phillips,

and Su (2022), Negahban and Wainwright (2011), Negahban, Ravikumar, Wainwright,

and Yu (2012), among others. Most of these works focus on establishing estimation error

bounds, specifically in the Frobenius norm, for the NNR estimators. The convergence rate

of our estimator is consistent with the existing results of the mean and quantile regres-

sions, indicating that NNR can be successfully extended to more complex models without

compromising performance.

More recent studies have advanced statistical inference for NNR-based estimators. For

instance, linear models have been studied by Armstrong, Weidner, and Zeleneev (2023),

Chernozhukov, Hansen, Liao, and Zhu (2023), Hong, Su, and Jiang (2023), Miao, Phillips,

and Su (2022), Moon and Weidner (2019), among others. Two main debiasing strate-

gies have emerged to address shrinkage bias. The first, inspired by the debiased-Lasso

framework in the statistics literature, typically requires relatively few iterations. Cher-

nozhukov, Hansen, Liao, and Zhu (2023) combine a rotation-based debiasing step with

sample splitting, while Choi, Kwon, and Liao (2024) show that sample splitting is not es-

sential. Armstrong, Weidner, and Zeleneev (2023) apply minimax linear estimation theory

to construct robust debiased estimators.

The second line of research, to which our paper contributes, employs iterative bias-

correction procedures, as exemplified by Hong, Su, and Jiang (2023), Miao, Phillips, and Su

(2022), and Moon and Weidner (2019). Specifically, Chen, Miao, and Su (2025) study the

asymptotic distribution of factor and loading estimators in logistic panel models without

covariates. In a closely related and independently developed paper, Zeleneev and Zhang

(2026) study estimation of single-index panel models with interactive fixed effects. In par-

ticular, they provide concrete convex optimization procedures for both steps and establish

their global convergence guarantees under the convex link function assumption. Our paper,

on the other hand, accommodates nonconvex model specifications, including the important

class of random coefficients models, and addresses distinct theoretical and computational

challenges.

Lastly, this paper is also related to the literature on estimating the parameters of high-

dimensional models using ℓ1 regularization. Rather than listing all relevant papers, we refer

the interested reader to the comprehensive textbook by Hastie, Tibshirani, and Wainwright

(2015) and the recent survey by Belloni, Chernozhukov, Chetverikov, Hansen, and Kato
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(2018), and instead focus on a few key references. Specifically, Chetverikov and Sørensen

(2025) develop a method called bootstrapping after cross-validation for selecting the penalty

parameter in ℓ1-penalized M-estimators in high dimensions. Städler, Bühlmann, and van de

Geer (2010) derive an oracle inequality for the ℓ1-penalized approach to estimating mixture

regression models, while Beyhum and Portier (2024) study high-dimensional nonconvex

Lasso-type M-estimators and establish their convergence rates. However, none of these

studies consider panel data settings or nuclear norm regularization.

The remainder of the paper is organized as follows. Section 2 introduces the class

of IFE models. Section 3 proposes a general M-estimation framework and presents the

main estimation procedure. In Section 4, we examine the asymptotic properties of the

estimators, including the consistency and rate of convergence of the initial estimator and

the rank estimator, as well as the convergence and asymptotic distribution of the second-

step estimator. Section 5 outlines the implementation algorithms and provides Monte

Carlo results. Section 6 contains the empirical application. Finally, Section 7 concludes.

All proofs and additional results are provided in the Appendix.

Notation. For a natural numberm ∈ N, we introduce the notation [m] = {1, . . . ,m}. For
a vector v = (v1, . . . , vp)

′ ∈ Rp, we define its ℓ1-norm as ∥v∥1 =
∑p

j=1 |vj|, and its ℓ2-norm

norm as ∥v∥ =
√∑p

j=1 v
2
j . For a matrix A = (ait)i,t ∈ RN×T , we define its entry-wise ℓ1-

norm as ∥A∥1 =
∑N

i=1

∑T
t=1 |ait|, its Frobenius norm as ∥A∥F =

√∑N
i=1

∑T
t=1 a

2
it, its infinity

norm as ∥A∥∞ = max {|ait| : i ∈ [N ], t ∈ [T ]}, its nuclear norm as ∥A∥∗ = trace
(√

A′A
)
,

its spectral norm as ∥A∥ = supx:∥x∥=1

√
x′A′Ax, and its rank by rank(A). Moreover, for a

real matrix, we use σs(·) to denote its s-th largest singular value. For a real and symmetric

matrix, we use µs(·), µmax(·) and µmin(·) to denote its s-th largest eigenvalue, the largest

and smallest eigenvalues, respectively.

For a real number a, let sgn(a) = 1 if a ≥ 0 and sgn(a) = −1 if a < 0. For a square

matrix A whose j-th diagonal element is denoted as Ajj, define sgn(A) as a diagonal matrix

whose j-th diagonal element is equal to sgn (Ajj). We also define the operations ∨ and ∧
as a ∨ b = max{a, b} and a ∧ b = min{a, b}. Finally, for sequences {am}∞m=1 and {bm}∞m=1

we use am ≲ bm as the shorthand for the inequality am ≤ cbm for some finite positive c

independent of am and bm for sufficiently large m. am ≍ bm means that am ≲ bm and

bm ≲ am.
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2 Model

Let the data observations be denoted as {(Yit, Xit) : i ∈ [N ] , t ∈ [T ]}, where Yit ∈ Y ⊂
R is the outcome variable and Xit ∈ X ⊂ Rdx is a vector of exogenous covariates for a

fixed dx. The indices i and t denote individuals and time periods, respectively. In matrix

notation, let Y and Xj be N ×T matrices representing the outcome and the j-th covariate

for j = 1, ..., dx. Let X = (Xj)j∈[dx] collect all covariates. The support of (Yit, Xit) is given

by Y × X .
We assume that for each individual i and time t, the outcome Yit is allowed to depend

on both the observed covariates Xit and the latent interactive effects given by individual-

specific loadings λi ∈ Rr and time factors ft ∈ Rr, where r is a fixed rank. The effects

λi and ft, although unobserved by the econometrician, may confound the effect of Xit on

Yit. Following the fixed effects approach, we treat the realizations of {λi}Ni=1 and {ft}
T
t=1 as

unrestricted parameters to be estimated.

Formally, we consider a class of nonlinear panel data models in which the true values

of the common parameter vector θ ∈ Rp and the N × r and T × r matrices of fixed

effects, Λ = (λ1, ..., λN)
′ and F = (f1, ..., fT )

′, are defined by the solution to the population

optimization problem,1

(θ0,Λ0, F0) = argmin
θ∈Θ,Λ∈ΦN

λ ,F∈ΦT
f

E

[
1

NT

N∑
i=1

T∑
t=1

ℓ (Wit; θ, λ
′
ift)

]
(2.1)

where ℓ is a known loss function, which may be nonconvex with respect to θ and λ′ift, and

where Wit = (Yit, Xit). The parameter spaces satisfy Θ ⊂ Rp, Φλ ⊂ Rr, and Φf ⊂ Rr

such that the matrix parameters belong to the product spaces Λ ∈ ΦN
λ and F ∈ ΦT

f . The

expectation E[·] is taken with respect to the distribution of the data, conditional on the

fixed realizations of unobserved individual and time effects for all N and T . The model is

also referred to as a factor model with factor loadings λi and common factors ft, and we

will use the terms “factor” and “interactive fixed effect” synonymously. The conventional

additive structure is a special case of the factor structure with r = 2, λi = (λi1, 1)
′, and

ft = (1, f1t)
′.

Let π0,it = λ′0if0t denote the true value of πit that generates the data, where π0,it ∈
Φ ⊂ R for each i and t. The matrix Π0 ∈ ΦN×T collects all the fixed effects. Similarly, the

matrix Π = (πit) is treated as a parameter to be estimated. Thus, we can rewrite Model

1The model is identified only up to a normalization; see Remark 1. A formal discussion of the identifi-
cation assumptions is provided in Assumption 3.
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(2.1) as

(θ0,Π0) = argmin
θ∈Θ,Π∈ΦN×T

E

[
1

NT

N∑
i=1

T∑
t=1

ℓ (Wit; θ, πit)

]
(2.2)

s.t. πit = λ′ift =
r∑
s=1

λisfts

Remark 1. Similar to linear factor models, the factor loadings Λ0 and common factors F0

in (2.1) cannot be separately identified without imposing normalization. The loss function

is invariant under the transformation λi 7→ A′λi and ft 7→ A−1ft for any non-singular r× r
matrix A. On the other hand, Π0 in (2.2) can be uniquely identified, as it is invariant to the

normalization used to eliminate this indeterminacy. For further discussion on normalization

in the context of linear factor models, see Robertson and Sarafidis (2015).

2.1 Examples

Some examples of models that fall within this framework and the scope of our method-

ology are as follows.

Example 1 (Linear Panel). The linear panel model is generated according to

yit = X ′
itθ0 + π0,it + εit (2.3)

where εit is the idiosyncratic error term with E [εit | Xit] = 0. We can estimate θ and πit

using ℓ (Wit; θ, πit) =
1
2
(yit −X ′

itθ − πit)
2 and Wit = (yit, Xit).

Example 2 (Linear Quantile Panel). Consider the linear model in (2.3) with the quantile

restriction: P (εit ≤ 0 | Xit; θ0, π0,it) = τ . We estimate θ and πit by using ℓ (yit, X
′
itθ + πit) =

ρτ (yit −X ′
itθ − πit), where ρτ (t) = t (τ −K (−t/h)) represents a smoothed version of the

usual check function. Here, τ ∈ (0, 1) denotes a specified quantile of interest, K is a

CDF-type kernel function, and h is the bandwidth parameter.

Example 3 (Binary Choice Panel). The binary choice panel model is characterized as

yit = I {X ′
itθ0 + π0,it − εit ≥ 0} (2.4)

where Xit and εit are independent and εit is distributed according to a known cumulative

distribution function F . Since P (yit = 1 | zit) = F (zit), we define the objective function
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as −ℓ (Wit; θ, πit) = yit logF (X ′
itθ + πit) + (1− yit) log [1− F (X ′

itθ + πit)], where Wit =

(yit, Xit).

Example 4 (Random Coefficients Logit Panel). Consider a binary choice model such that

yit = I {X ′
itβ0,it + π0,it − εit ≥ 0}

where εit is a random variable with the Type I extreme value distribution, independent across

individuals i over time t, and β0,it is a p-dimensional vector of random coefficients, assumed

to be i.i.d. across individuals over time.2 Specifically, we assume β0,it ∼ N
(
β̄0,Σ0

)
, where

β̄0 is a p-dimensional mean vector, and Σ0 is a positive-definite p × p covariance matrix.

The theoretical results presented in this paper also hold for other distributions of β0,it. Let

f (β) denote the probability density function of the random coefficient βit evaluated at β.

We define the parameter set θ =
(
β̄,Σ

)
. The objective function is given by

ℓ (Wit; θ, πit) = − log

[∫
Lit(β, πit)f (β) dβ

]
where the integrand is given by Lit(β, πit) = pit(β, πit)

yit(1−pit(β, πit))1−yit, with pit (β, πit) =
exp(X′

itβ+πit)
1+exp(X′

itβ+πit)
, and Wit = (yit, Xit).

3 Estimation

In this subsection, we describe our two-step estimation procedure for the model: the

initial estimator is based on nuclear norm regularization (NNR). It is followed by a second

step iterative estimator. As we will show in Sections 4.1 and 4.2, under a set of regularity

conditions, the first step estimation provides consistent estimators for θ0, Λ0 and F0. The

second step uses the estimators from the first step as the initial values, and iteratively

updates estimators to enhance their properties. The asymptotic normality of the iterative

estimator is established in Section 4.3.

2We could relax the i.i.d. assumption by imposing a parametric model upon β0,it over time t, e.g., an
AR(1) process, but we do not pursue this approach here.
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3.1 First Step: Nuclear Norm Regularization

We define the loss function as

LNT (θ,Π) :=
1

NT

N∑
i=1

T∑
t=1

ℓ (Wit; θ, πit) (3.1)

Motivated by the literature on nuclear norm regularization, we propose estimating

(θ0,Π0) by minimizing the following penalized criterion function:

(θ̂, Π̂) = argmin
θ∈Θ,Π∈ΦN×T

LNT (θ,Π) + ν∥Π∥∗ (3.2)

where ν is a tuning parameter,3 and ∥ · ∥∗ denotes the nuclear norm, which regularizes

the singular values of the matrix Π. The estimation problem at hand is inherently high-

dimensional, as it involves estimating a total of p+r (N + T ) parameters, where the number

of parameters grows linearly with N and T . Specifically, p represents the number of param-

eters associated with θ, and r(N + T ) corresponds to those related to the low-rank matrix

Π.

Our estimator can be viewed as a generalization of Lasso, with a key difference being

that we impose sparsity not directly on individual parameters but on the singular values of

the matrix Π. This regularization ensures that the number of non-zero singular values of Π

is relatively sparse compared to N and T . Since we assume that the rank r of the matrix

Π0 is fixed and much smaller than both N and T , the nuclear norm regularization reduces

the complexity by encouraging a low-rank structure in Π, similar to how Lasso enforces

sparsity in individual coefficients.

Similar to Lasso, (3.2) can be seen as a convex relaxation of the following problem:

min
θ∈Θ,Π∈ΦN×T

LNT (θ,Π)

s.t. rank (Π) ≤ r (3.3)

where the rank r is predetermined, and θ, λi and ft are jointly estimated, as studied

by Bai (2009) and Chen, Fernández-Val, and Weidner (2021), among others. While the

formulation in (3.3) seems appealing, it presents two challenges.

First, the rank constraint makes (3.3) a nonconvex optimization problem, even when

the loss function is convex. In contrast, our proposed estimator, defined in (3.2), avoids

3The tuning parameter ν depends on N and T , but we omit the subscript for simplicity.
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directly penalizing or constraining the rank of the estimated interactive fixed effects matrix.

Instead, it seeks a Π̂ with a small nuclear norm, serving as a convex relaxation of (3.3). Just

as ℓ1 minimization is the tightest convex relaxation of the combinatorial ℓ0 minimization

problem, nuclear norm minimization offers the tightest convex relaxation of the NP-hard

rank minimization problem (Candes and Plan, 2010).

Second, when the loss function LNT is nonconvex, as in random coefficients logit

panel models, there are no guarantees of convergence for the estimators defined in (3.3).

Global convexity plays a crucial role in the literature on interactive fixed effects. For

instance, Chen, Fernández-Val, and Weidner (2021) rely on global convexity to establish

the consistency of θ and to bound the remainder terms in their stochastic expansions. In

contrast, our penalized estimator accommodates a broader class of important economic

models without global convexity.

Note that the NNR-based initial estimation does not require the number of factors r

to be known beforehand. When r is unknown, we propose estimating r using singular value

thresholding (SVT) as follows:

r̂ =
N∧T∑
s=1

I
{
σs

(
Π̂
)
≥
√
NT

(
ν
∥∥∥Π̂∥∥∥)1/2} (3.4)

where σs

(
Π̂
)
denotes the s-th largest singular value of Π̂. Alternatively, r can be estimated

using other methods, such as the panel information criteria (IC) and panel criteria (PC)

methods of Bai and Ng (2002), or the eigenvalue ratio (ER) and growth ratio (GR) methods

of Ahn and Horenstein (2013), among others. These methods remain valid as long as θ̂ is

consistent. In Section 4.2, we first establish the consistency of θ̂ and Π̂, then we prove that

r̂ = r with probability approaching one. Consequently, for the second-step estimation, we

assume r is known.

3.2 Second Step: Iterative Estimation

It is widely recognized that NNR estimators are subject to shrinkage bias, which

complicates statistical inference. Theorem 1 establishes the convergence rate of the initial

estimator, which, although consistent, is slower than the
√
NT rate. To address this issue,

we propose a post nuclear-norm-regularization estimator to improve the convergence rate.

For simplicity, we focus primarily on maximum likelihood estimation. We assume that
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the outcome is generated by

Yit | Xit; θ, λi, ft ∼ g (·|Xit; θ, λi, ft)

where g (·) is a known probability density function with respect to some dominating mea-

sure. The log-likelihood function is then given by

ℓ (Wit; θ, λ
′
ift) = − log g (Yit | Xit; θ, λi, ft)

Since the common factors F and factor loadings Λ cannot be separately identified

without imposing normalization (see Remark 1), we impose the same normalization on

both F and Λ as in Bai (2009), without loss of generality. Specifically, we normalize such

that F ′F/T = Ir and Λ′Λ/N is diagonal with non-increasing diagonal elements. It is

important to note that the ultimate asymptotic results remain unchanged regardless of the

specific normalization chosen for F and Λ.

To refine the initial estimators, we employ a localized iterative procedure. Starting

with the initial estimators
(
θ̂, Λ̂, F̂

)
, the procedure iteratively updates these estimators

by searching within a local region of radius dNT = c log (N ∧ T ) γNT , where c is a positive

constant, and γNT represents the convergence rate of the first-step estimator, as specified

in Corollary 1 below. The procedure is defined as follows:

Step 1. For m = 0, set
(
θ̂(0), Λ̂(0), F̂ (0)

)
=
(
θ̂, Λ̂, F̂

)
, the preliminary consistent estimator

of (θ0,Λ0, F0).

Step 2. Given θ̂(m), update the estimators of {Λ0, F0} to
{
Λ̂(m+1), F̂ (m+1)

}
by solving

{
Λ̂(m+1), F̂ (m+1)

}
∈ argmin

Λ∈B(Λ̂(m),
√
NdNT ),F∈B(F̂ (m),

√
TdNT )

LNT
(
θ̂(m); Λ, F

)

Step 3. Given
{
Λ̂(m+1), F̂ (m+1)

}
, update the estimator of θ0 to θ̂(m+1) according to

θ̂(m+1) = argmin
θ∈B(θ̂(m),dNT )

LNT
(
θ; Λ̂(m+1), F̂ (m+1)

)

Step 4. Iterate Steps 2-3 until a convergence criterion is met.
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4 Theoretical Results

In this section, we examine the asymptotic properties of both the initial and iterative

estimators under an asymptotic framework where N and T tend to infinity jointly. We

first study the consistency and convergence rate of the initial regularized estimator. We

then turn to the second-step iterative estimator and derive its convergence properties and

asymptotic distribution.

Recall the definition of LNT in (3.1). We further define

L̄ (θ,Π) = E [LNT (θ,Π)] , L̃NT (θ,Π) = LNT (θ,Π)− E [LNT (θ,Π)]

and the excess risk function as

E (θ,Π) = L̄ (θ,Π)− L̄ (θ0,Π0)

Let c and c denote generic positive constants that may vary in their occurrences.

Assumption 1 (Sampling and Covariates). (i) The data sequences {(Wit)}i∈[N ],t∈[T ] obey

the model (2.1);

(ii) The data on units (Wit)t∈[T ] are independent across i, and for each i, the sequence

(Wit)t∈[T ] is stationary and exponentially β-mixing with respect to t, conditional on Π.

Specifically, there exist constants C > 0 and µ > 0 such that ∀q ⩾ 1,

sup
1⩽i⩽N

γi(q;W ) ⩽ C exp(−µq)

where γi(q;W ) := 1
2
supt̄≥1 sup

∑L
l=1

∑L′

l′=1 |P (Al ∩Bl′)− P (Al)P (Bl′)| with the second

supremum over all finite partitions {Al} in the σ-field generated by ({Wit}t≤t̄) and {Bl′} in
the σ-field generated by ({Wit}t≥t̄+q);
(iii) As (N, T )→∞, N/T → κ2, 0 < κ <∞;

(iv) The covariate Xit has bounded support;

(v) The rank of Π0 is fixed, denoted as r.

Assumption 2 (Lipschitz continuity). Suppose that ℓ (w; θ, π) is Lipschitz continuous in

(θ, π) in the sense that

|ℓ (w; θ1, π1)− ℓ (w; θ2, π2)| ⩽ L (w) [∥θ1 − θ2∥+ |π1 − π2|]

for a measurable function L (·) with maxi∈[N ],t∈[T ] E [L (Wit)
4] <∞, where the data sequence
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{(Wit)}i∈[N ],t∈[T ] satisfies Assumption 1.

Assumption 1 imposes basic regularity on the data generating process. Assumption

1(ii) limits inter-temporal dependence within the data. Specifically, µ controls the strength

of this temporal dependence. We adopt the assumption of exponentially beta-mixing for

simplicity, but similar results can be achieved with polynomially beta-mixing data. If the

observations {(Wit)}i∈[N ],t∈[T ] are i.i.d. across i and over t, our theoretical results will hold

without imposing Assumption 1(ii). Assumption 1(iii) imposes constraints on the relative

rates at which N and T tend to infinity.4 It is the standard assumption in the large-

T panel data literature (Bai, 2009, Chen, Fernández-Val, and Weidner, 2021, Hahn and

Kuersteiner, 2002). Assumption 1(iv) is included for convenience, but could be relaxed to

allow covariates with sufficiently light tails. For instance, if the covariates are standard

Gaussian, cx can grow like
√

log(pNT ) with probability approaching one. This avenue is

not pursued here to maintain a clear and concise exposition. Additionally, we focus only on

the case of fixed r; the analysis of approximately low-rank Π0, analogous to approximate

sparsity in the Lasso literature, is beyond the scope of this paper.

Assumption 2 imposes a Lipschitz continuity condition on the loss function. In the

specific case where the loss function is globally Lipschitz with a constant independent of y

or x, this assumption holds trivially.

4.1 Consistency

We show that the first-step regularized estimator is consistent, which is the starting

point for establishing its rate of convergence. This section states the high-level conditions

required for consistency, while Proposition 1 and Appendix B.3 present primitive conditions.

Assumption 3 (Identification). (i) θ0 lies in the interior of Θ, and for each i and t,

π0,it lies in the interior of Φ, where Θ and Φ are compact convex subsets of Rp and R,
respectively. Furthermore, Φλ and Φf are also compact convex subsets of Rr;

(ii) For all η > 0, there exists an ε > 0 such that for all N ≥ 1 and T ≥ 1,

inf
(θ,Π)∈Θ×ΦN×T

∥θ−θ0∥2+ 1
NT

∥Π−Π0∥2F≥η2

E (θ,Π) ≥ ε

This is an identification assumption that imposes restrictions on the shape of the

excess risk function. When N and T are fixed, the condition is satisfied if the loss function

4For the first-step estimator, it is sufficient that T−1 logN = o(1), which requires only that T increase
sufficiently fast relative to logN . This weaker condition guarantees the convergence rate of the first-step
estimates and is implied by the joint asymptotic regime N/T → κ2 adopted here.
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is continuous and (θ0,Π0) is its unique minimizer. In the context of panel data, this

condition needs to be satisfied uniformly in N and T .

Thanks to the penalty term in (3.2), we can show that with probability approaching

one,
(
θ̂, Π̂

)
belongs to a restricted set

B =
{
(θ,Π) ∈ Θ× ΦN×T : ∥Π∥∗ ≤ cLν

−1 + ∥Π0∥∗
}

where cL = L̄ (θ0,Π0) + 1. It is formally established in the Appendix. This result is

important because it allows the analysis to restrict attention to a smaller set B within the

parameter space.

Assumption UC. sup(θ,Π)∈B
∣∣LNT (θ,Π)− L̄ (θ,Π)∣∣ = op (1)

Assumption UC assumes uniform convergence. In the low-dimensional context, a sim-

ilar condition is usually required on a compact set which does not depend on N and T .

The main difference here is that the radius of B grows with N and T . We provide sufficient

conditions for Assumption UC to hold in Proposition 1.

Lemma 1 (Consistency). Under Assumptions 3 and UC, if ν ∥Π0∥∗ = o (1), then we have∥∥∥θ̂ − θ0∥∥∥2 + 1
NT

∥∥∥Π̂− Π0

∥∥∥2
F
= op (1).

The result depends on the condition that ν ∥Π0∥∗ = o(1), which implies that the added

penalty term has a negligible effect on the objective function when evaluated at the true

values. This condition on ν is satisfied in the subsequent theorems and corollaries.

4.2 Rate of Convergence

Similar to other high-dimensional settings such as those in Negahban et al. (2012), we

impose an invertibility condition involving another restricted set, denoted as A, which we

describe next and use to derive our main results. Before stating the next condition, we first

introduce some notation.

Let Π0 = UDV ′ represent the singular value decomposition (SVD) of Π0, where U and

V are the matrices of singular vectors corresponding to all singular values. In particular,

let U0 ∈ RN×r and V0 ∈ RT×r denote the columns of U and V associated with the non-zero

singular values. Let PU = U0U
′
0 and PV = V0V

′
0 . For an N × T matrix ∆, we define the

operators

P (∆) := PU∆+∆PV − PU∆PV , M (∆) := ∆− P (∆) (4.1)

The operator P (·) is the projection onto the tangent space associated with the row and

column spaces of Π0, while M(·) is the projection onto its orthogonal complement.
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Next, we define the restricted set as

A =
{
(δ,∆) ∈ Rp × RN×T , s.t.∥∆∥∗ − 4∥P (∆) ∥∗ −

√
NT ∥δ∥ ≤ 0

}
(4.2)

It can be shown that
(
θ̂ − θ0, Π̂− Π0

)
lies in this “cone” under certain conditions.

Namely, the set contains matrices Π that are close to Π0, in the sense that the part that

cannot be explained by λ0i and f0t is small in terms of nuclear norm.

Assumption 4 (Restricted Strong Convexity). For all (δ,∆) ∈ A, there exists a universal

constant cRSC > 0 such that

E (θ0 + δ,Π0 +∆) ≥ cRSC ∥δ∥2 +
cRSC
NT

∥∆∥2F

Assumption 4 is based on Restricted Strong Convexity (RSC), which relaxes the def-

inition of strong convexity by only needing strong convexity in certain directions or over

a subset of the ambient space (Negahban, Ravikumar, Wainwright, and Yu, 2012, Wain-

wright, 2019). This assumption represents a version of a widely used condition in the

matrix completion literature, although verifying it typically requires imposing additional

structure on the parameter space. See also the discussions in Moon and Weidner (2019)

and Zeleneev and Zhang (2026), following their Assumptions 1 and A.3, respectively. More

discussion of Assumption 4 is provided in Appendix B.3.

Finally, to control the empirical risk associated with the estimation errors, we define

the set

V =

{
(θ,Π) ∈ B : ∥δ∥2 + 1

NT
∥∆∥2F ≤ cl

}
.

We also introduce the norm ρ(·, ·), defined as

ρ(δ,∆) =

[
∥δ∥2 + 1

NT
∥∆∥2∗

]1/2
.

According to Lemma 1, it suffices to analyze the convergence rate of the empirical risk

within the restricted set V .

Proposition 1. Under Assumptions 1 and 2, and with ν = cν
ψNT cε,NT√

NT
for some constant

cν ≥ 2, there exist positive sequences {ψNT}, and {cε,NT} such that

lim
(N,T )→∞

P

 sup
(θ,Π)∈V

∣∣∣L̃NT (θ,Π)− L̃NT (θ0,Π0)
∣∣∣

ρ (θ − θ0,Π− Π0) ∨ cε,NT
≤ ψNT cε,NT

 = 1
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where cT = ⌈2µ−1 log (NT )⌉, dT = ⌊T/ (2cT )⌋, cε,NT =
√
cT√

N∧dT
and ψNT/ (CL log (cT + 1))→

∞. Moreover, Assumption UC holds.

The proof of Proposition 1 is based on the empirical process theory and does not

rely on the differentiability of the loss function. It derives sufficient conditions under

which Assumption UC holds and provides a stochastic bound that will be used for the

subsequent theorem. Specifically, we have cε,NT = O
(√

log (NT ) / (N ∧ T )
)
, since, under

our exponential β-mixing setting, the dependence length satisfies cT = O(log(NT )). The

scaling sequence ψNT is allowed to diverge slowly, at a rate exceeding O(log (log(NT ))),

so that the probabilistic bound in Proposition 1 holds uniformly over the local parameter

space V .
We now present our first main result for estimating (θ0,Π0).

Theorem 1 (Convergence Rate). Under Assumptions 1-4, let ν = cν
ψNT cε,NT√

NT
for some

constant cν ≥ 2. With probability approaching one, we have∥∥∥θ̂ − θ0∥∥∥2 + 1

NT

∥∥∥Π̂− Π0

∥∥∥2
F
≲
ψ2
NT rcT
N ∧ dT

where cε,NT and ψNT are specified in Proposition 1.

Theorem 1 establishes the convergence rates of the estimation errors for θ̂ and Π̂ in the

ℓ2 norm. Here, θ is a low-dimensional parameter vector, while Π is a high-dimensional ma-

trix with NT elements; hence, the Frobenius norm of Π is normalized by 1/
√
NT to ensure

comparability. For simplicity, consider the case of i.i.d. panel data across i over t. When

the regularization parameter is set to ν ≍
√
N∨

√
T

NT
, the convergence rate of our estimator

under the Euclidean norm is of the order of
√
1/(N ∧ T ), with all other factors ignored.

These results are consistent with previous work on penalized mean and quantile regression

models for panel data (Athey, Bayati, Doudchenko, Imbens, and Khosravi, 2021, Belloni,

Chen, Madrid Padilla, and Wang, 2023, Feng, 2023, Moon and Weidner, 2019), while the

present paper develops a unified M-estimation framework that extends these results to a

broader class of models. Finally, note that Theorem 1 does not require differentiability

of the loss function; however, subsequent asymptotic normality results rely on smoothness

conditions to establish limiting distributions.

Next, we impose an assumption on the common factors and factor loadings.

Assumption 5 (Strong factors). Let 1
N

∑N
i=1 λ0iλ

′
0i

p−→ ΣΛ > 0 and 1
T

∑T
t=1 f0tf

′
0t

p−→ ΣF >

for some positive definite matrices ΣΛ,ΣF ∈ Rr×r. Furthermore, the matrix Π0 has r

distinct nonzero singular values.

17



Assumption 5 formalizes the strong factor condition commonly imposed in the liter-

ature; see, for example, Bai (2009) and Chen, Fernández-Val, and Weidner (2021). The

requirement that the singular values σ1, . . . , σr are distinct is analogous to Assumption G

in Bai (2003), and closely related to Assumption 4.2 in Chernozhukov, Hansen, Liao, and

Zhu (2023). In particular, Theorem 1 does not depend on Assumption 5.5

The following corollary establishes the consistency of r̂ and the mean squared conver-

gence rates of Λ̂ and F̂ .

Corollary 1. Suppose that the conditions in Theorem 1 and Assumption 5 hold. Without

loss of generality, we impose the normalization that F ′F/T = Ir and Λ′Λ/N is diagonal

with nonincreasing diagonal elements. Then,

(i) P (r̂ = r)→ 1 as N, T →∞;

(ii) 1√
N

∥∥∥Λ̂− Λ0Ŝ
∥∥∥
F
= Op (γNT ), and

1√
T

∥∥∥F̂ − F0Ŝ
∥∥∥
F
= Op (γNT ), where Ŝ = sgn

(
F̂ ′F0

)
and γNT = ψNT cε,NT , with ψNT and cε,NT specified in Proposition 1.

Nuclear-norm regularization does not require prior knowledge or specification of the

number of factors r. Corollary 1 indicates that r̂ is a consistent estimator of r. Thus, in

what follows, we assume that the number of factors has been correctly selected. Without

loss of generality, we further assume that Ŝ = Ir to simplify the notation.

4.3 Asymptotic Normality

Here, we use the shorthand notation ℓit (θ, π) = ℓ (Wit; θ, π) for convenience, where

θ ∈ Θ and π ∈ Φ. Additionally, we omit the function arguments when they are evaluated

at the true parameter values (θ0, π0,it), e.g., ℓit = ℓ (Wit; θ0, π0,it).

To study the asymptotic behavior of the iterative estimator θ̂(m+1), it is necessary to

introduce additional quantities that characterize how the parameter θ interacts with the

incidental components πit.

Let Ξit denote a p-dimensional vector defined by the following population weighted

least squares projection for each component of E [∂θkπℓit] onto the space spanned by the

incidental parameters, under a metric given by E [∂π2ℓit]. Specifically, Ξit,k = λ∗′i,kf0t+λ
′
0if

∗
t,k,

where
(
λ∗i,k, f

∗
t,k

)
is defined as the solution to the following optimization problem,

(
λ∗i,k, f

∗
t,k

)
∈ argmin

λi,k,ft,k

∑
i,t

E [∂π2ℓit]

(
E [∂θkπℓit]

E [∂π2ℓit]
− λ′i,kf0t − λ′0ift,k

)2

5Armstrong, Weidner, and Zeleneev (2023) use NNR and study robust inference for weak factors in the
linear panel model.
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In addition, we define the operator Dθπqℓit = ∂θπqℓit−Ξit∂πq+1ℓit for q = 0, 1, 2. Intuitively,

these operators remove the component of ∂θπqℓit that can be explained by the individual

and time fixed effects. Furthermore, define a p× p matrix

W̄NT :=
1

NT

N∑
i=1

T∑
t=1

E [∂θθℓit − ∂π2ℓitΞitΞ
′
it]

which will be used to characterize the information matrix for θ.

We now introduce the regularity conditions that are required for the asymptotic results.

Assumption 6. Let B0
ϵ ⊂ Rp+1 denote a bounded set that contains a ϵ-neighborhood of

(θ0, π0,it) for all i ∈ [N ] and t ∈ [T ], uniformly over N and T .

(i) The function (θ, π) 7→ ℓit(θ, π) is four times continuously differentiable over B0
ϵ . The

partial derivatives of ℓit(θ, π) with respect to the elements of (θ, π) up to the fourth or-

der are bounded in absolute value over (θ, π) ∈ B0
ϵ by a function M (Wit) > 0 such that

maxi∈[N ],t∈[T ] E
[
|M (Wit)|8+ι

]
is uniformly bounded for some ι > 0 over all N and T ;

(ii) There exist positive constants bmin and bmax such that for all (θ, π) ∈ B0
ϵ , bmin ≤

E [∂π2ℓit (θ, π)] ≤ bmax;

(iii) The matrix W̄NT is uniformly positive definite, i.e., infN,T σmin

(
W̄NT

)
≥ c > 0.

Assumption 6 strengthens the conditions used for Theorem 1.

Assumption 6(i) and (ii) require the loss function to exhibit sufficient smoothness

and local strong convexity. Assumption 6(iii) is a generalized noncollinearity condition,

similar to those commonly imposed in the factor literature, such as Assumption A in Bai

(2009) and Assumption 1(vi) in Chen, Fernández-Val, and Weidner (2021). In the linear

case, Assumption 6(iii) simplifies to requiring
∑N

i=1

∑T
t=1 E

[
(Xit − Ξit) (Xit − Ξit)

′] to be

positive definite. Intuitively, this condition ensures that the covariates exhibit sufficient

variation across individuals and over time, thus guaranteeing the identification of θ.

Theorem 2. Suppose Assumptions 1-6 hold. Then

(i) For m = 0, 1, 2, ...., we have

θ̂(m+1) − θ0 = C(0)
(
θ̂(m) − θ0

)
+ C(1)

+ op

(∥∥∥θ̂(m) − θ0
∥∥∥)+ op

(
(NT )−1/2

)
where C(0) p−→ C̄(0) with ∥C̄(0)∥ ∈ [0, 1), and C(1) = Op

(
(NT )−1/2

)
;
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(ii) For any m ≥ −
(
1
2
log (NT ) + log(γNT )

)
/ log

(
∥C̄(0)∥

)
− 1 with C̄(0) ̸= 0,

θ̂(m+1) − θ0 = Op

(
(NT )−1/2

)
where γNT = ψNT cε,NT , with ψNT and cε,NT specified in Proposition 1.

Theorem 2 examines the numerical convergence properties of θ̂(m+1). Specifically, The-

orem 2(i) guarantees the convergence of the iterative procedure, while Theorem 2(ii) indi-

cates that after O (log (NT )) iterations, the iterative estimator θ̂(m+1) achieves the desired

convergence rate for inference. It converges to the true value θ0 much faster than γNT ,

which is the rate at which the initial estimator θ̂ converges in probability. The upper

bound of our contraction parameter, specifically the spectral norm of C̄(0), is crucial in the

iterative procedure. The closer ∥C̄(0)∥ is to 0, the faster the contraction and the numerical

convergence of the iterative procedure. Conversely, if ∥C̄(0)∥ is close to 1, the numerical

convergence of θ̂(m+1) is slow.

The following theorem establishes the asymptotic distribution of the second-step esti-

mator θ̂(m+1).

Theorem 3. Suppose Assumptions 1-6 hold, and the following limits exist,

W̄∞ := lim
N,T→∞

1

NT

N∑
i=1

T∑
t=1

E [∂θθℓit − ∂π2ℓitΞitΞ
′
it]

B̄∞ := − lim
N,T→∞

1

N

N∑
i=1

T∑
t=1

{[
T∑
τ=t

f ′
0tH

−1
(λλ)if0τE [∂πℓitDθπℓiτ ]

]
+

1

2
f ′
0tH

−1
(λλ)if0tE [Dθπ2ℓit]

}

D̄∞ := − lim
N,T→∞

1

T

N∑
i=1

T∑
t=1

λ′0iH
−1
(ff)tλ0iE

[
∂πℓitDθπℓit +

1

2
Dθπ2ℓit

]

where H(λλ)i =
∑T

t=1 E [∂π2ℓit] f0tf
′
0t, H(ff)t =

∑N
i=1 E [∂π2ℓit]λ0iλ

′
0i, and W̄∞ > 0. Then,

for any m ≥ −1
2
log(NT )/ log

(
∥C̄(0)∥

)
− 1, it follows that

√
NT

(
θ̂(m+1) − θ0 −

1

T
W̄−1

∞ B̄∞ −
1

N
W̄−1

∞ D̄∞

)
d−→ N

(
0, W̄−1

∞
)

(4.3)

Theorem 3 indicates that θ̂(m+1) contains two asymptotic bias terms associated with
1
T
B̄∞ and 1

N
D̄∞, respectively. For convex objective functions, the estimator is asymptot-

ically equivalent to the one obtained from (3.3), as studied by Chen, Fernández-Val, and

Weidner (2021).
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4.4 Bias Correction

This section describes methods for removing the asymptotic bias of the second-step

estimator. We first outline the analytical bias-correction procedure and then discuss alter-

native approaches, including the split-panel jackknife and the bootstrap.

The analytical correction is constructed using sample analogs of the expressions in The-

orem 3, replacing the true values of (θ, π) with their second-step estimates. Both analytical

bias correction and variance estimation require consistent estimators of the quantities B̄∞,

D̄∞, and W̄∞ defined in Theorem 3. Let B̂, D̂, and Ŵ denote the corresponding sample

analogs, obtained by substituting sample averages for expectations and replacing the true

parameters with their second-step estimates. For example,

Ŵ =
1

NT

N∑
i=1

T∑
t=1

∂θθ ℓ̂it − ∂π2 ℓ̂itΞ̂itΞ̂
′
it

where ∂θθℓ̂it = ∂θθℓit

(
Wit; θ̂, λ̂i

′
f̂t

)
, ∂π2 ℓ̂it = ∂π2ℓit

(
Wit; θ̂, λ̂i

′
f̂t

)
, and Ξ̂it is a p-dimensional

vector with elements Ξ̂it,k = λ#′
i,kf̂t + λ̂′if

#
t,k where the pair

(
λ#i,k, f

#
t,k

)
is defined by

(
λ#i,k, f

#
t,k

)
∈ argmin

λi,k,ft,k

∑
i,t

(
∂π2 ℓ̂it

)(∂θkπ ℓ̂it
∂π2 ℓ̂it

− λ′i,kf̂t − λ̂′ift,k

)2

Once these sample analogs are constructed, the analytical bias correction of θ̂ reads

θ̂ABC = θ̂(m+1) − 1

T
Ŵ−1B̂ − 1

N
Ŵ−1D̂

Theorem 4. Suppose that the assumptions in Theorem 3 hold. Then Ŵ
p−→ W̄∞ and

√
NT

(
θ̂ABC − θ0

)
d−→ N

(
0, W̄−1

∞
)

Although the analytical correction offers a convenient closed-form adjustment, it re-

quires estimating high-order derivatives and moment matrices that may be sensitive to

model specification and sample size. In practice, alternative approaches—such as the split-

panel jackknife and the bootstrap—can remove the leading bias terms without explicit

analytical derivations.

Following Dhaene and Jochmans (2015) and Chen, Fernández-Val, andWeidner (2021),

bias correction can also be implemented using the split-panel jackknife method. Let
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θ̂1N/2,T and θ̂2N/2,T be the second-step estimators based on the subsamples {(i, t) : i =

1, . . . , N/2; t = 1, . . . , T} and {(i, t) : i = N/2 + 1, . . . , N ; t = 1, . . . , T}, respectively. Sim-

ilarly, let θ̂1N,T/2 and θ̂2N,T/2 be the estimators obtained from the subsamples {(i, t) : i =

1, . . . , N ; t = 1, . . . , T/2} and {(i, t) : i = 1, . . . , N ; t = T/2 + 1, . . . , T}, respectively. The

jackknife bias-corrected estimator is

θ̂JBC = 3θ̂ − 1

2

(
θ̂1N/2,T + θ̂2N/2,T

)
− 1

2

(
θ̂1N,T/2 + θ̂2N,T/2

)
.

Under suitable homogeneity and stationarity conditions ensuring that the asymptotic biases

of all estimators converge to the same limit,

√
NT

(
θ̂JBC − θ0

)
d−→ N

(
0, W̄−1

∞
)

Other bias-correction methods include the leave-one-out jackknife of Hughes (2022) and

the bootstrap procedures of Higgins and Jochmans (2024) and Sun and Kim (2010). How-

ever, these approaches are not directly applicable to models with interactive fixed effects.

Extending them, particularly adapting the bootstrap of Higgins and Jochmans (2024) to

account for time-specific or interactive effects, remains an interesting avenue for future

research.

5 Monte Carlo Simulations

In this section, we assess the finite sample performance of our proposed approach using

Monte Carlo simulations. Section 5.1 outlines the main steps of the first-step estimation

algorithm. Section 5.2 discusses the choice of the tuning parameter ν. Section 5.3 presents

the simulation designs and results.

5.1 Implementation

This section outlines the computational procedures for the proposed estimation algo-

rithms. We first present the single-index panel model and its implementation; the binary

logit specification in Example 3 is treated as a special case. We then describe the random

coefficient logit model in Example 4. Additional details and formal descriptions can be

found in Section A.

Single-Index Panel Model Algorithm 1 summarizes the first-stage estimation proce-

dure for the class of single-index panel models, which includes the binary logit specification
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in Example 3 as a special case. We introduce a slack variable ZΠ to separate the low-rank

interactive effects from the linear index component. This reformulation allows the opti-

mization problem in (3.2) to be expressed in an equivalent and computationally convenient

form:

min
θ∈Rp,Π∈RN×T

1

NT

N∑
i=1

T∑
t=1

ℓ (Yit, Vit) + ν∥Π∥∗

s.t. V =

p∑
j=1

Xjθj + ZΠ, ZΠ − Π = 0 (5.1)

To solve the minimization problem (5.1), we use a modified Alternating Direction Method

of Multipliers (ADMM) algorithm, which relies on the following augmented Lagrangian

L (θ,Π, V, ZΠ, Up, Uv) =
1

NT

N∑
i=1

T∑
t=1

ℓ (Yit, Vit) + ν∥Π∥∗

+
η

2NT

∥∥∥∥∥V −
p∑
j=1

Xjθj − ZΠ + Up

∥∥∥∥∥
2

F

+
η

2NT
∥ZΠ − Π+ Uv∥2F

Here, Up and Uv are the scaled dual variables corresponding to the linear constraints V =∑p
j=1Xjθj + ZΠ and ZΠ − Π = 0, and η > 0 is the penalty parameter for constraint

violations. Due to the separability of the parameters in L , the ADMM algorithm proceeds

by iteratively minimizing the augmented Lagrangian in blocks with respect to the original

variables, in this case (V, θ,Π) and ZΠ, and then updating the dual variables Up and Uv.

As shown in Line 9 of Algorithm 1, Π is updated via singular value thresholding (SVT).

Specifically, recall that the singular value decomposition (SVD) of a matrix A is

A = UAΣAV
′
A ∈ RN×T , ΣA = diag

(
{σs}s∈[N∧T ]

)
For ι > 0, the soft-thresholding operator Sι (·) is defined as

Sι (A) := UASι (ΣA)V
′
A, Sι (ΣA) = diag

(
{σs − ι}+

)
where t+ is the positive part of t, namely, t+ = max (0, t). See Theorem 2.1 in Cai, Candes,

and Shen (2008) for details.

Random Coefficient Logit Panel Algorithm 2 outlines the first-stage estimation algo-

rithm for the binary random coefficient logit panel model in Example 4 using a majorization-
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Algorithm 1 ALM Algorithm: Single-Index Panel Model

1: Input: Observed data (Yit, Xit), and initialization for V (0), θ(0), Π(0), Z
(0)
Π , U

(0)
p , and

U
(0)
v , parameters ν, η.

2: Initialize: k = 0
3: while not converged do
4: Update parameters at iteration k + 1:
5: V

(k+1)
it ← V

(k)
it − h(Yit, V

(k)
it )− η(V (k)

it −X ′
itθ

(k) − Z(k)
Π,it + U

(k)
p,it)

6: where h(y, v) = ∇vℓ(y, v)

7: θ(k+1) ←
(∑N

i=1

∑T
t=1XitX

′
it

)−1 (∑N
i=1

∑T
t=1XitA

(k)
it

)
8: where A(k) = V (k+1) − Z(k) + U

(k)
p

9: Π(k+1) ← SNT ν
η
(Z(k) + U

(k)
v )

10: Z
(k+1)
Π ← 1

2
(V (k+1) −

∑p
j=1Xjθ

(k+1)
j + U

(k)
p +Π(k+1) − U (k)

v )

11: U
(k+1)
p ← V (k+1) −

∑p
j=1Xjθ

(k+1)
j − Z(k+1)

Π + U
(k)
p

12: U
(k+1)
v ← Z

(k+1)
Π − Π(k+1) + U

(k)
v

13: k ← k + 1
14: end while
15: Output: Updated parameters θ(k+1), Π(k+1).

minimization (MM) approach. For simplicity, we assume that all coefficients β are random,

but incorporating fixed coefficients, such as βj,it = βj for some j, is straightforward. Our

algorithm extends the work of Train (2009) and James (2017) by introducing a novel sur-

rogate function to handle the penalty term. Specifically, to update Π at step k+1, we use

the surrogate function Q
(
Π|θ(k),Π(k)

)
, defined as

Q
(
Π | θ(k),Π(k)

)
=LNT

(
θ(k),Π(k)

)
− 1

2NT

N∑
i=1

T∑
t=1

(
R∑
r=1

w
(k)
itr h

(
Yit, X

′
itβ

(k)
itr + π

(k)
it

))2

+
1

2NT

N∑
i=1

T∑
t=1

(
π
(k)
it −

R∑
r=1

w
(k)
itr h

(
Yit, X

′
itβ

(k)
itr + π

(k)
it

)
− πit

)2

+ ν∥Π∥∗

where the closed-form solution is given by

Π(k+1) ← SNTν

Π(k) −

(
R∑
r=1

w
(k)
itr h

(
Yit, X

′
itβitr + π

(k)
it

))
i,t


with h(y, v) = Λ(v)− y and Λ(v) = 1

1+e−v . This is detailed in Line 11 of Algorithm 2.
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Algorithm 2 MM Algorithm: Binary Random Coefficient Logit Panel Model

1: Input: Observed data (Yit, Xit), and initialization for β(0), Σ(0), Π(0), parameters ν.
2: Initialize: k = 0
3: while not converged do
4: Step 1: Simulate and Calculate Weights
5: Given

(
θ(k),Π(k)

)
, for each (i, t), draw R values of β from N

(
β̄(k),Σ(k)

)
, labeled βitr

6: For each βitr, calculate pit(βitr, π
(k)
it ) and the likelihood Lit(βitr, π

(k)
it ) using Equations

(A.2) and (A.3).

7: Using Lit(βitrπ
(k)
it ), compute the weights w

(k)
itr using Equation (A.4).

8: Step 2: Update Parameters

9: β̄(k+1) = 1
NT

∑N
i=1

∑T
t=1

(∑R
r=1w

(k)
itr βitr

)
10: Σ(k+1) = 1

NT

∑N
i=1

∑T
t=1

(∑R
r=1w

(k)
itr βitrβ

′
itr

)
− β̄(k+1)β̄(k+1)′

11: Π(k+1) ← SNTν

(
Π(k) −

(∑R
r=1w

(k)
itr h

(
Yit, X

′
itβitr + π

(k)
it

))
i,t

)
12: k ← k + 1
13: end while
14: Output: Updated parameters β(k+1), Σ(k+1), and Π(k+1).

5.2 Selection of Tuning Parameters

The selection of the tuning parameter ν is crucial for the proper implementation of

the estimator. The objective is to choose ν such that it dominates the “score” of our

penalized estimator. This ensures a desirable rate of convergence and permits the consistent

estimation of the rank of Π0, even in scenarios where it is not known a priori. Nonetheless,

the computation of the “score” is generally infeasible, as it depends on unknown true

parameters (θ0,Π0). This challenge becomes more complex in the context of time series

data, where the selection of ν must also account for the degree of temporal dependence.

Several general approaches are commonly used to choose the optimal tuning param-

eters. As is standard in the statistics and machine learning literature, the most popular

data-driven method is cross-validation. Another common approach involves information

criteria (IC). Methods like grid search or randomized search are also employed, where a

range or a sample of tuning parameters is systematically explored to identify the best value.

In this paper, we select the tuning parameter ν using a modified information criterion

(IC), motivated by prior work on low-rank and grouped panel estimators (e.g., Bai and Ng,

2002, Belloni, Chen, Madrid Padilla, and Wang, 2023, Su, Shi, and Phillips, 2016). This

criterion provides a practical way to balance model complexity and statistical fit.

Specifically, for each candidate value of ν, we compute the corresponding rank estimate
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r̂(ν), as defined in Equation (3.4),6 and evaluate

IC (ν) = LNT
(
θ̂ (ν) , Π̂ (ν)

)
+ ϱNT · r̂ (ν) (5.2)

The first term on the right-hand side of (5.2) measures the overall fit to the data, and the

second term introduces a penalty proportional to model complexity through the factor ϱNT .

In the simulations, we set ϱNT = 1
2
log(N ∧T ) N∨T

NT
for Design 1 and ϱNT = 1

2
log log(

√
NT )√

NT
for

Design 2. These choices serve as practical finite-sample rules and perform fairly well across

the designs considered.

5.3 Finite-Sample Performance

Data Generating Process To evaluate the finite-sample performance of the estima-

tion procedure, we consider two data generating processes (DGPs) that cover models with

convex and nonconvex objective functions.

Design 1: The data are generated from the following model

yit = I

{
X ′
itθ0 +

2∑
s=1

λisfts − εit ≥ 0

}

where I {·} denotes the indicator function, and the error term εit follows a logistic distri-

bution. We set p = 3 and r = 2 and take the coefficients θ0 to satisfy θ0 = (1, 1, 1)′.

The regressor vector Xit = (xit,1, xit,2, xit,3)
′ consists of three variables, λi = (λi1, λi2)

′, and

ft = (ft1, ft2)
′. Specifically, we define xit,k = x̃it,k+ρ (λ

2
ik + f 2

tk) for k = 1, 2 and xit,3 = x̃it,3.

The parameter ρ = 0.2 governs the correlation between the covariates and the fixed effects.

Here, λi, ft, and x̃it are mutually independent across both i and t and λi ∼ N
((

1
1

)
, I2
)
and

ft ∼ N
((

0
0

)
, I2
)
.

We consider two alternative specifications for the distribution of x̃it:

• DGP 1: The covariates are independently distributed as x̃it ∼ N


0

0

0

 , 4I3

 where

Ik denotes k by k identity matrix.

• DGP 2: The components of x̃it follow a stationary AR(1) process. For k = 1, 2, 3,

x̃ik,t = ϱx̃ik,t−1 + σuik,t, where uik,t ∼ N (0, 1) with ϱ = 0.2, σ = 2, and initial values

drawn from N ∼
(
0, σ2

1−ϱ2
)
.

6The consistency of the rank estimator is established in Corollary 1.
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Design 2: We extend Design 1 by allowing random coefficients βit. With a slight

abuse of notation,

yit = I

{
X ′
itβ0,it +

2∑
s=1

λisfts − εit ≥ 0

}
The covariates Xit, factor loadings λis, and factors fts follow the same distributions as in

Design 1, and we adopt the same specifications of x̃it. The coefficients β0,it ∼ N
(
β̄0,Σ0

)
with β̄0 = (1, 1, 1)′ and Σ0 = 0.3I3.

Performance For each model design, we consider different combinations of sample sizes

(N, T ) ∈ {(100, 100), (150, 100), (200, 100), (150, 150), (200, 150), (200, 200)} to examine

how the first-step and second-step estimators behave as the sample size increases. Each

experiment is replicated 100 times. The ADMM algorithm is used to estimate the models in

Design 1, while the MM algorithm is applied to estimate the models in Design 2. Detailed

descriptions of the implementation are provided in Section 5.1.

To evaluate the performance of the proposed estimator, we report the root mean

squared error (RMSE) for both steps, defined as RMSE(θ̂) =
√
S−1

∑S
s=1 |θ̂(s) − θ0|2/∥θ0∥,

and the average estimated rank, E[r̂] = S−1
∑S

s=1 r̂s. We set S = 100 Monte Carlo repli-

cations. These measures summarize the finite-sample accuracy of the estimators and the

typical rank selected across simulations.

Table 1 Simulation Results: θ̂ in Design 1

DGP 1 DGP 2

(N, T ) First step Second step First step Second step

RMSE E[r̂] RMSE RMSE E[r̂] RMSE

(100,100) 6.11 2.00 3.06 5.99 2.00 2.93

(150,100) 4.95 2.00 2.41 5.61 2.00 2.88

(200,100) 5.35 2.00 2.33 5.61 2.00 2.54

(150,150) 4.35 2.00 2.11 4.56 2.00 2.24

(200,150) 2.11 2.00 1.75 2.52 2.00 1.73

(200,200) 1.88 2.00 1.57 2.03 2.00 1.65

Note: This table reports the RMSE for both the first-step and second-step estimators, as well as the
average estimated rank from the first-step procedure. Results are presented for θ̂ under Design 1. RMSE
values are expressed as percentages relative to the true parameter values (%), and E[r̂] denotes the mean
estimated number of factors computed across 100 Monte Carlo replications.
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Table 2 Simulation Results: ˆ̄β in Design 2

DGP 1 DGP 2

(N, T ) First step Second step First step Second step

RMSE E[r̂] RMSE RMSE E[r̂] RMSE

(100,100) 8.38 2.05 7.38 8.19 2.04 7.51

(150,100) 7.68 2.00 6.50 7.68 2.00 6.71

(200,100) 6.97 2.00 5.70 6.90 2.00 5.62

(150,150) 6.08 2.00 4.53 6.33 2.00 4.90

(200,150) 5.20 2.00 3.63 5.35 2.00 3.90

(200,200) 3.02 2.00 2.76 2.74 2.00 2.13

Note: This table reports the RMSE for both the first-step and second-step estimators, as well as the

average estimated rank from the first-step procedure. Results are presented for ˆ̄β under Design 2. RMSE
values are expressed as percentages relative to the true parameter values (%), and E[r̂] denotes the mean
estimated number of factors computed across 100 Monte Carlo replications.

Table 1 summarizes the finite-sample performance of the proposed estimators. Several

key observations can be made from the results. (i) At each sample size, the second-step

estimators exhibit smaller RMSE compared to the first-step estimators; (ii) As the sample

size increases, particularly when both N and T grow, the RMSE of the first-step estima-

tors tends to decrease; (iii) Similarly, the RMSE of the second-step estimators generally

decreases with increasing sample size; (iv) The rank estimator correctly estimates the rank

as the sample size increases, with the average rank stabilizing at r̂ = 2 for larger samples.

These observations confirm the consistency results for both the first-step and the second-

step estimators. For example, the RMSE decreases from 3.06% when N = T = 100 to

1.57% at N = T = 200, consistent with the theoretical prediction that estimator perfor-

mance improves with larger sample sizes.

Table 2 summarizes the results for Design 2, which incorporates random coefficients.

The findings parallel those of Design 1: the second-step estimator consistently improves

upon the initial estimator, and both bias and RMSE decline with sample size. In this case,

we focus on the accuracy of the estimated mean of the random coefficients, which is reliably

recovered in larger samples.

In general, the simulations confirm the main theoretical insights. The two-step proce-

dure delivers substantial efficiency gains, the estimators are consistent as both dimensions

of the panel grow, and rank selection is reliable in sufficiently large samples.
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6 Empirical Application

In this section, we apply our methodology to revisit the joint financing behavior of U.S.

nonfinancial corporations, focusing on how firms adjust debt issuance and equity repurchase

decisions in response to relative valuations across capital markets. The objective is to

illustrate the empirical applicability of our approach by extending the baseline model of

Ma (2019) and to compare its benchmark fixed-effects logit with our proposed specification.

Empirical studies suggest that firms often act as cross-market arbitrageurs, substi-

tuting between debt and equity to exploit differences in financing costs. When debt is

relatively inexpensive, firms tend to issue debt and repurchase equity, whereas undervalued

equity prompts them to issue equity and retire debt. In a recent study, Ma (2019) doc-

uments that a substantial share of financing flows originate from nonfinancial firms that

simultaneously issue in one market while repurchasing in another. About 45 percent of

quarterly net equity repurchases (by value) occur in periods when firms are concurrently

net issuers of debt, and roughly 50 percent of seasoned equity issuance takes place among

firms that are net retiring debt. These coordinated patterns indicate that firms actively

rebalance their capital structures to exploit valuation differentials across markets, with this

behavior most pronounced among large, profitable, and financially unconstrained firms.

To quantify this relationship, the study estimates the probability that a firm simulta-

neously issues equity and retires debt using a panel logit model with firm fixed effects:

Pr (yit = 1 | XD,it−1, XE,it−1, Zit) = Λ (λi + β′
DXD,it−1 + β′

EXE,it−1 + γ′Zit) (6.1)

where Λ(·) denotes the logistic cumulative distribution function. The binary outcome vari-

able yit equals one if the firm issues equity (negative net equity repurchases) and retires debt

(negative net debt issuance) in the same quarter, and zero otherwise. Net equity repurchases

are measured as purchases minus sales of common and preferred stock (PRSTKC−SSTK),

and net debt issuance is defined as long-term debt issuance minus long-term debt reduction

(DLTIS−DLTR). The vectors XD,it−1 and XE,it−1 capture debt and equity market valu-

ations measured at the end of the quarter t − 1, while Zit includes additional firm-level

controls that can affect financing behavior.

The model uses three firm-level indicators of market valuation. Two bonds-based

measures, the credit spread and the term spread, capture relative valuations in the debt

market (XD,it−1). The firm-level credit spread is computed as the face-value-weighted

average yield differential between the firm’s bonds and the nearest-maturity Treasury, while

the term spread is the yield difference between the nearest-maturity Treasury and the three-

29



month Treasury bill.

The valuation of the equity market (XE,it−1) is proxied by the firm’s specific value-

price ratio (V / P), where V denotes the intrinsic value of the equity estimated from the

residual income model and P represents the market price of equity (Dong, Hirshleifer, and

Teoh, 2012). Control variables include net income, cash holdings, capital expenditures,

deviations from target leverage, asset growth, and firm size.7

Before introducing our model, we first examine whether the data exhibit latent time-

varying structure by estimating a two-way fixed-effects (TWFE) specification following

Fernández-Val and Weidner (2016) and analyzing its residuals,

ûTWFE,it = yit − Λ
(
λ̂i + f̂t + β̂′

DXD,i,t−1 + β̂′
EXE,i,t−1 + γ̂′Zit

)
Figure A2 shows systematic temporal and cross-sectional patterns: firms display persistent

deviations across quarters (horizontal streaks), and many firms experience synchronized

movements within the same periods (vertical color bands). These residual patterns point

to time-varying unobserved heterogeneity.

6.1 Data and Model

We begin with a brief overview of the data and the model. Following Ma (2019),

this analysis integrates several primary data sources, combining firm-level information on

bond prices, equity valuations, and accounting fundamentals with aggregate market in-

dicators. Bond data are obtained primarily from the Trade Reporting and Compliance

Engine (TRACE) and supplemented by Datastream and Mergent’s Fixed Income Securi-

ties Database (FISD). Equity returns and valuation measures come from CRSP and the

Institutional Brokers’ Estimate System (IBES), while balance sheet and cash flow variables

are drawn from Compustat.8 The sample covers the period 2003-2024, producing a panel of

N = 212 firms observed in T = 88 quarters.9 Summary statistics for key variables appear

in Table 3.

We extend this framework by incorporating interactive fixed effects and random coeffi-

cients, allowing for unobserved common shocks and heterogeneous firm responses to market

7See Ma (2019) for detailed definitions and data construction.
8Access to TRACE, Compustat, CRSP, and IBES is provided through Wharton Research Data Services

(WRDS), while Datastream is accessed via the LESG portal.
9Additional details on data sources, variable definitions, and sample construction are provided in Ap-

pendix D.1.
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valuations. Formally, the latent index is given by

Pr (yit = 1 | XD,it−1, XE,it−1, Zit) = Λ
(
λ′ift + β′

D,itXD,it−1 + β′
E,itXE,it−1 + γ′Zit

)
(6.2)

where ft denotes latent factors that capture aggregate market shocks, λi are the correspond-

ing firm-specific factor loadings, and βD,it and βE,it represent random coefficients reflecting

heterogeneity in sensitivities to debt and equity valuations. Specifically, we assume that(
βD,it

βE,it

)
∼ N

((
β̄D

β̄E

)
, Σβ

)
. We employ the same set of market valuation and control

variables as in (6.1).

Table 3 Summary Statistics of Key Variables

Variable N Mean SD P10 Median P90

Credit spread 14,667 2.03 1.76 0.73 1.48 3.90

Term spread 14,554 1.19 1.07 −0.28 1.23 2.54

V/P ratio 14,667 1.08 0.63 0.42 0.95 1.88

Cash holdings 14,557 7.68 7.99 0.83 5.15 17.39

Asset growth 14,622 6.34 14.45 −5.71 4.57 19.97

Size 14,667 9.38 1.20 7.88 9.29 10.90

Net income 14,639 1.52 2.06 0.05 1.47 3.52

Capital expenditures 14,573 1.30 1.21 0.28 0.94 2.66

6.2 Analysis

We report our estimation results in Table 4. Model A corresponds to the conven-

tional panel logit specification with individual fixed effects, as defined in (6.1), and serves

as the benchmark. It is estimated using the conditional maximum likelihood approach

following Ma (2019). In contrast, Model B adopts the specification in (6.2), which extends

the benchmark by allowing for random coefficients on lagged valuation measures and by

incorporating interactive fixed effects. The rank of the interactive component is estimated

using the procedure described in (3.4); the first-step estimation yields an estimated rank

of r̂ = 2. Accordingly, Table 4 reports the second-step estimates, including the means and

standard deviations of the random coefficients.

In general, the results reconfirm the importance of market valuations in shaping joint

financing decisions of firms and are consistent with economic intuition: firms are more

likely to simultaneously issue equity and retire debt when the cost of debt is high (e.g.,
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elevated bond spreads or expected excess returns) and the cost of equity is low (e.g., a low

V/P ratio or low expected excess equity returns).

We find that the signs of the estimated effects are generally robust to the inclusion of

latent factors, with variations in their magnitudes across specifications. For instance, the

effect of lagged term spread is larger in our model than in the benchmark specification: a

one-standard-deviation increase in term spread multiplies the odds of joint equity issuance

and debt retirement by about 1.33 on average across firms, compared with roughly 1.25 in

Model A. We also uncover substantial heterogeneity in valuation sensitivities. In particular,

the estimated standard deviation of the random coefficient on the lagged credit spread is

0.363 and statistically significant, indicating meaningful variation in firms’ responses to

credit market conditions.

We regard the comparison between our results and those from the benchmark model

as an illustration that highlights the empirical value of allowing richer forms of unobserved

heterogeneity. Firms adjust their financing decisions in response to evolving macrofinancial

conditions and to unobserved, time-varying shocks—such as shifts in credit availability,

monetary policy, or market liquidity—that jointly influence financing behavior and asset

valuations. At the same time, firms differ in the extent to which they adjust their financing

in response to observed market valuations. By incorporating interactive fixed effects and

random coefficients, the proposed approach flexibly captures both common dynamics and

firm heterogeneity, demonstrating its applicability to complex empirical settings.

Table 4 Empirical Illustration: Comparison of Results

Model A Model B

β Mean (β̄) SD (σβ)

Variable Coef. S.E. Coef. S.E. Coef. S.E.

L.Credit spread 0.077 0.015 0.124 0.014 0.363 0.055

L.Term spread 0.212 0.027 0.267 0.037 0.335 0.159

L.V/P −0.092 0.046 −0.118 0.056 0.316 0.341

Net income −0.039 0.013 −0.044 0.013 –

L.Cash holding −0.006 0.005 0.023 0.003 –

CAPX −0.242 0.037 −0.034 0.020 –

L.Size −0.746 0.057 −0.268 0.008 –

L.Asset growth 0.011 0.002 0.031 0.002 –
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7 Conclusion

This paper explores nonlinear panel data models with interactive fixed effects and

tackles nonconvex objective functions in large N and T settings. We propose a two-step

estimation method using nuclear norm regularization and an iterative process. First, we

obtain preliminary estimates of the slope coefficient, factors, and factor loadings using

NNR. The second step refines these estimates through an iterative process. We establish

the consistency of the preliminary estimator and derive the asymptotic distribution for the

second-step estimator. The performance of the estimator is demonstrated through Monte

Carlo simulations and an empirical application to a random coefficient binary logit model.

Several extensions remain open for future research. First, it would be valuable to

explore whether post-NNR inference can be achieved within a finite number of iterations,

extending the work of Chernozhukov et al. (2023) and Choi, Kwon, and Liao (2024) to

nonlinear panel settings. Second, while this paper accounts for certain heterogeneity in

slope coefficients within the random coefficient logit panel model, allowing for even richer

forms of coefficient heterogeneity, as discussed by Bonhomme and Denis (2024), presents

an interesting avenue for further study. These topics are left for future exploration.
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Appendix

A Implementation of the First-Step Estimator

This section describes the implementation of the first-step estimator. Conventional

matrix-completion methods are based on linear formulations and are therefore ineffective

for data with nonlinear structures. To address this limitation, we employ two optimization

algorithms specifically tailored to our models. For the convex single-index panel model,

we adopt a modified Alternating Direction Method of Multipliers (ADMM), which decom-

poses the overall optimization problem into smaller, more manageable subproblems. This

decomposition enables efficient parallelization and ensures convergence in convex settings

(Boyd, Parikh, Chu, Peleato, and Eckstein, 2011). ADMM is particularly well suited to

large-scale problems with separable objective functions.A1

On the other hand, we develop a new method based on the Majorization-Minimization

(MM) algorithm for the random coefficient panel model. This algorithm, which can be seen

as a generalization of the Expectation- Maximization (EM) algorithm, has been developed

in the statistics literature (Hunter and Lange, 2004, Lange, 2016). We utilize the MM

algorithm to separate random coefficients and interactive fixed effects. That is, we propose

a new surrogate function to linearize the logit model so that we can find the closed-form

solution to the IFEs. Sequential fixed effects estimation and majorization deliver estimates

with significantly reduced computational and memory costs.

A.1 Single-Index Panel Model

We develop an Alternating Direction Method of Multipliers (ADMM) algorithm for

estimating the first-stage parameters in the general single-index panel model. The binary

logit model in Example 3 serves as a leading illustration of this broader framework.

To reformulate the original problem, we also introduce slack variables. As a result,

A1Although ADMM is primarily designed for convex problems, it has been successfully applied to some
nonconvex settings; see, for example, Wang, Yin, and Zeng (2019).
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(3.2) is equivalent to

min
θ∈Rp,Π∈RN×T

1

NT

N∑
i=1

T∑
t=1

ℓ (Yit, Vit) + ν∥Π∥∗

s.t. V =

p∑
j=1

Xjθj + ZΠ, ZΠ − Π = 0 (A.1)

To solve the minimization problem (A.1), the proposed algorithm uses the following aug-

mented Lagrangian

L (θ,Π, V, ZΠ, Up, Uv) =
1

NT

N∑
i=1

T∑
t=1

ℓ (Yit, Vit) + ν∥Π∥∗

+
η

2NT

∥∥∥∥∥V −
p∑
j=1

Xjθj − ZΠ + Up

∥∥∥∥∥
2

F

+
η

2NT
∥ZΠ − Π+ Uv∥2F

Here, Up and Uv are the scaled dual variables corresponding to the linear constraints V =∑p
j=1Xjθj + ZΠ and ZΠ − Π = 0, and η > 0 is the penalty parameter for constraint

violations. Due to the separability of the parameters in L , the ADMM algorithm proceeds

by iteratively minimizing the augmented Lagrangian in blocks with respect to the original

variables, in this case (V, θ,Π) and ZΠ, and then updating the dual variables Up and Uv.

The primal variables are updated by minimizing the augmented Lagrangian in blocks,

and the scaled dual variables are then updated using the corresponding primal residuals:

V (k+1) ← argmin
V

N∑
i=1

T∑
t=1

ℓ (Yit, Vit) +
η

2

∥∥∥∥∥V −
p∑
j=1

Xjθ
(k)
j − Z

(k)
Π + U (k)

p

∥∥∥∥∥
2

F

θ(k+1) ← argmin
θ

η

2

∥∥∥∥∥V (k+1) −
p∑
j=1

Xjθj − Z(k)
Π + U (k)

p

∥∥∥∥∥
2

F

Π(k+1) ← argmin
Π

η

2

∥∥∥Z(k)
Π − Π+ U (k)

v

∥∥∥2
F
+NTν∥Π∥∗

Z
(k+1)
Π ← argmin

ZΠ

η

2

∥∥∥∥∥V (k+1) −
p∑
j=1

Xjθ
(k+1)
j − ZΠ + U (k)

p

∥∥∥∥∥
2

F

+
η

2

∥∥ZΠ − Π(k+1) + U (k)
v

∥∥2
F

U (k+1)
p ← argmin

Up

η

2

∥∥∥∥∥V (k+1) −
p∑
j=1

Xjθ
(k+1)
j − Z(k+1)

Π + Up

∥∥∥∥∥
2

F

U (k+1)
v ← argmin

Uv

η

2

∥∥∥Z(k+1)
Π − Π(k+1) + Uv

∥∥∥2
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For single-index models, the loss function ℓ(y, v) is differentiable in v. Let h(y, v) =

∇vℓ(y, v) denote its derivative with respect to the index. Then the first-step update for V

can be written as

V (k+1) ← V (k) − η
(
V (k) −Xθ(k) − Z(k)

Π + U (k)
p

)
− h

(
Y, V (k)

)
,

which corresponds to a gradient-descent or Fisher-scoring step depending on the form of ℓ.

For instance, in the binary logit model considered in Example 3, the loss function

is ℓ(y, v) = −yv + log(1 + exp(v)), whose derivative is h(y, v) = Λ(v) − y with Λ(v) =

(1 + e−v)−1. Hence,

h(Yit, V
(k)
it ) = Λ(V

(k)
it )− Yit

recovering the update rule used in the binary logit specification of Simulation Design 1.

Additionally, following Cai, Candes, and Shen (2008) and Yuan and Yang (2013), we

update Π using singular value thresholding (SVT). Let A = UAΣAV
′
A denote the singular

value decomposition (SVD) of matrix A ∈ RN×T , where ΣA = diag
(
{σs}s∈[N∧T ]

)
. For

ι > 0, the soft-thresholding operator Sι (·) is defined as

Sι (A) := UASι (ΣA)V
′
A, Sι (ΣA) = diag

(
{σs − ι}+

)
where t+ is the positive part of t, namely, t+ = max (0, t). Further details can be found in

Theorem 2.1 of Cai, Candes, and Shen (2008).

Lastly, the remaining parameters, θ and slack variables, are solved using standard

least-squares estimation, which admits closed-form solutions.

A.2 Random Coefficient Logit Panel

To expose the nature of the MM algorithm, we temporarily disregard the penalty term.

Suppose our goal is to minimize LNT (Ψ) : Rdim(Ψ) 7→ R. Let Ψ(k) denote the current iterate

in the minimization process. As suggested by the name, the majorization-minimization

algorithm proceeds in two steps. First, we construct a surrogate function QNT

(
Ψ|Ψ(k)

)
.

Specifically, to update Ψ at step k + 1, we use a surrogate function QNT

(
Ψ|Ψ(k)

)
that

satisfies

1. QNT (Ψ
(k)|Ψ(k)) = LNT (Ψ(k))

2. QNT (Ψ|Ψ(k)) ≥ LNT (Ψ) for all Ψ

Here, the function QNT

(
Ψ|Ψ(k)

)
is said to majorize LNT (Ψ) at Ψ(k). The current iterate
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Ψ(k) is treated as constant. In the second step in the MM algorithm, we update Ψ by

choosing Ψ(k+1) to minimizeQNT

(
Ψ|Ψ(k)

)
. However, constructing a surrogate function that

both majorizes LNT (Ψ) at Ψ(k) and is easy to minimize is often a challenge in practice. This

step is analogous to the expectation (E) step in a well-structured Expectation-Maximization

(EM) algorithm.

For the random coefficient logit panel model, we define θ =
(
β̄,Σ

)
and Ψ = (θ,Π).

The MM algorithm updates the parameters θ =
(
β̄,Σ

)
and Π separately by using two

surrogate functions QNT

(
θ|Ψ(k)

)
and QNT

(
Π|Ψ(k)

)
. The surrogate function QNT

(
θ|Ψ(k)

)
follows from Train (2009), and we extend the work of Train (2009), James (2017) and Chen,

Rysman, Wang, and Wozniak (2022) by introducing a new surrogate function QNT

(
Π|Ψ(k)

)
which effectively handles the penalty term.

In Example 4, the probability of yit = 1 for individual i and time t, given the random

coefficient β and fixed effect πit, is expressed as

pit (β, πit) =
exp (X ′

itβ + πit)

1 + exp (X ′
itβ + πit)

(A.2)

The likelihood is given by

Lit(β, πit) = pit(β, πit)
yit(1− pit(β, πit))1−yit (A.3)

Thus, the negative log-likelihood function is computed by integrating the individual-specific

and time-specific probabilities over all observed data:

LNT (Ψ) = −
N∑
i=1

T∑
t=1

log

[∫
Lit(β, πit)f (β) dβ

]

The integral in the negative log-likelihood does not have a known closed-form expression

and is typically simulated numerically in estimation.

Rather than trying to directly optimize LNT (Ψ), the strategy of the MM algorithm

is to transfer optimization to simpler surrogate functions that guarantees descent of the

negative log-likelihood. It refines the EM algorithm, as reviewed in Train (2009). In mixed

logit models, the EM surrogate function takes the form,

QNT

(
Ψ|Ψ(k)

)
= −

N∑
i=1

T∑
t=1

∫
log
[
Lit(β, πit)f (β|θ) git

(
β|Ψ(k)

)]
dβ

In this expression, git
(
βit|Ψ(k)

)
is an individual-and-time-specific probability density func-
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tion of the unobserved data, βit, conditional on conditioned on the observed data for indi-

vidual at time t, and evaluated at Ψ(k). This density is derived using Bayes’ rule,

git
(
β|Ψ(k)

)
=

Lit(β, π
(k)
it )f

(
β|θ(k)

)∫
β′ Lit(β′, π

(k)
it )f (β′|θ(k)) dβ′

Evaluating this integral requires simulation. For each individual i at time t, we draw R sam-

ples from N
(
β̄(k),Σ(k)

)
, label each as βitr, and compute the weights using the conditional

likelihood function,

w
(k)
itr =

Lit(βitr, π
(k)
it )∑R

r′=1 Lit(βitr′ , π
(k)
it )

(A.4)

The superscript k on the weights indicates that they are a function of Ψ(k). As in maximum

simulated likelihood, R must be large enough to eliminate the bias from simulating the

denominator of the weights Lee (1995), Train (2009).

Using the approximation to git
(
β|Ψ(k)

)
, the EM surrogate function becomes

Q̃NT

(
Ψ|Ψ(k)

)
= −

N∑
i=1

T∑
t=1

R∑
r=1

w
(k)
itr log [Lit(βitr, πit)f (βitr|θ)]

= −
N∑
i=1

T∑
t=1

R∑
r=1

w
(k)
itr log [Lit(βitr, πit)]︸ ︷︷ ︸

Q̃NT (Π|Ψ(k))

−
N∑
i=1

T∑
t=1

R∑
r=1

w
(k)
itr log [f (βitr|θ)]︸ ︷︷ ︸

QNT (θ|Ψ(k))

Since the EM surrogate function is additively separable in the parameters θ and Π under

the log operator, it simplifies the optimization process by allowing the minimization to

be performed over two independent functions rather than a complex joint maximization.

Specifically, QNT

(
θ|Ψ(k)

)
is the likelihood function for a multivariate normal distribution

with weighted observations on β, where the solution for mean and covariance is obtained

through sample analogs (Train, 2009). As a result, θ(k+1) =
(
β̄(k+1),Σ(k+1)

)
admits a

closed-form solution:

β̄(k+1) =
1

NT

N∑
i=1

T∑
t=1

(
R∑
r=1

w
(k)
itr βitr

)

Σ(k+1) =
1

NT

N∑
i=1

T∑
t=1

(
R∑
r=1

w
(k)
itr βitrβ

′
itr

)
− β̄(k+1)β̄(k+1)′

Note that Q̃NT

(
Ψ|Ψ(k)

)
serves as the surrogate function for LNT (Ψ) without the penalty
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term. Instead of optimizing over Q̃NT

(
Π|Ψ(k)

)
+NTν∥Π∥∗A2, this paper derives an alter-

native surrogate function, providing a closed-form solution for Π.

The main insight is to exploit a natural feature of discrete-choice models and recognize

that Q̃NT

(
Π|Ψ(k)

)
, the weighted standard logit log-likelihood can be majorized with a

quadratic upper bound function. We define QNT

(
Π | Ψ(k)

)
as the surrogate function for

the penalized objective 1
NT
Q̃NT

(
Π | Ψ(k)

)
+ν∥Π∥∗, which includes the scaled log-likelihood

and nuclear-norm regularization. Specifically,

Q
(
Π | θ(k),Π(k)

)
=LNT

(
θ(k),Π(k)

)
− 1

2NT

N∑
i=1

T∑
t=1

(
R∑
r=1

w
(k)
itr h

(
Yit, X

′
itβ

(k)
itr + π

(k)
it

))2

+
1

2NT

N∑
i=1

T∑
t=1

(
π
(k)
it −

R∑
r=1

w
(k)
itr h

(
Yit, X

′
itβ

(k)
itr + π

(k)
it

)
− πit

)2

+ ν∥Π∥∗

where h(y, v) = Λ(v) − y and Λ(v) = 1
1+e−v . Here, the closed-form solution for Q

(
Π|Ψ(k)

)
is derived through SVT,

Π(k+1) ← SNTν

Π(k) −

(
R∑
r=1

w
(k)
itr h

(
Yit, X

′
itβitr + π

(k)
it

))
i,t


Here, the threshold NTν follows directly from the scaling of the quadratic term.

B Proofs of Consistency and Convergence Rate Re-

sults

As in Berbee (1987), we employ the blocking argument to deal with β-mixing data.

Similar arguments exist in different settings, e.g. Belloni, Chen, Madrid Padilla, and Wang

(2023), Chen and Christensen (2015), Semenova, Goldman, Chernozhukov, and Taddy

(2023), Yu (1994). Let block size be cT = ⌈2µ−1 log (NT )⌉ with 1 ≤ cT ≤ T/2. For

each i ∈ [N ], consider a partition of {Wit = (Yit, Xit)} into 2dT blocks of size cT each,

where dT = ⌊T/2cT ⌋. We denote random variables that correspond to block p as {Wit}p ={
Wi,(p−1)cT+1, ...Wi,pcT

}
for p ∈ [2dT ]. Then we obtain the existence of sequence of random

variables {W ∗
it}i∈[N ],t∈[T ] such that

• {W ∗
it}i∈[N ],t∈[T ] is independent of {Wit}i∈[N ],t∈[T ];

A2Note that the original problem is reweighted by NT .
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• For a fixed t, {W ∗
it}i∈[N ] are independent;

• For a fixed i, {W ∗
it}p and {Wit}p are identically distributed for each block p;

• For a fixed i, the odd-numbered blocks {{W ∗
it}1, {W ∗

it}3, ..., {W ∗
it}2p−1} are indepen-

dent, and the even-numbered blocks {{W ∗
it}2, {W ∗

it}4, ..., {W ∗
it}2p} are independent.

Hence, denote Hl as the odd-numbered block, H ′
l as the even-number block, and HR as the

remainder block of length T − 2cTdT . That is, for l ∈ [dT ]

Hl = {t : 1 + 2(l − 1)cT ≤ t ≤ (2l − 1)cT}

H ′
l = {t : 1 + (2l − 1)cT ≤ t ≤ 2lcT}

HR = {t : 2cTdT + 1 ≤ t ≤ T}

Throughout the appendix, let c and c denote generic positive constants that may vary

across their occurrences.

B.1 Proof of Results in Section 4.1

Lemma B.1. We have (θ0,Π0) ∈ B and if LNT (θ0,Π0) = L̄ (θ0,Π0)+op (1), then
(
θ̂, Π̂

)
∈

B with probability approaching one.

Proof of Lemma B.1. Recall the definition of B is

B =
{
(θ,Π) ∈ Θ× ΦN×T : ∥Π∥∗ ≤ ν−1

(
L̄ (θ0,Π0) + 1

)
+ ∥Π0∥∗

}
Since L̄ (θ0,Π0) is nonnegative, the first statement is clear, i.e., (θ0,Π0) ∈ B. For the

second statement, since 0 ≥ LNT
(
θ̂, Π̂

)
− LNT (θ0,Π0) + ν

(
∥Π̂∥∗ − ∥Π0∥∗

)
and LNT is

nonnegative, we have ν∥Π̂∥∗ ≤ L̄ (θ0,Π0) + op (1) + ν∥Π0∥∗. Hence,
(
θ̂, Π̂

)
∈ B with

probability approaching one. ■

Proof of Lemma 1. Let η > 0. By Assumption 3, there is ε > 0 such that for (θ,Π) ∈
Θ× ΦN×T with ∥θ − θ0∥2 + 1

NT
∥Π− Π0∥2F ≥ η2, we have L̄ (θ,Π)− L̄ (θ0,Π0) ≥ ε. Thus,

by the union bound,

P

(
∥θ − θ0∥2 +

1

NT
∥Π− Π0∥2F ≥ η2

)
≤ P

({
L̄ (θ,Π)− L̄ (θ0,Π0) ≥ ε

}
∩
{(
θ̂, Π̂

)
∈ B

})
+ P

((
θ̂, Π̂

)
/∈ B
)
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Since (θ0,Π0) ∈ B, we have LNT (θ0,Π0) = L̄ (θ0,Π0) + op (1) by Assumption UC, and

P
((
θ̂, Π̂

)
/∈ B
)
= o (1) by Proposition B.1.

We have L̄
(
θ̂, Π̂

)
≥ L̄ (θ0,Π0) and LNT

(
θ̂, Π̂

)
− LNT (θ0,Π0) ≤ ν

(
∥Π0∥∗ − ∥Π̂∥∗

)
.

It follows that, on the event
{(
θ̂, Π̂

)
∈ B

}
,

0 ≤ L̄
(
θ̂, Π̂

)
− L̄ (θ0,Π0)

≤ 2 sup
(θ,Π)∈B

∣∣LNT (θ,Π)− L̄ (θ,Π)∣∣+ ν
(
∥Π0∥∗ − ∥Π̂∥∗

)
≤ 2 sup

(θ,Π)∈B

∣∣LNT (θ,Π)− L̄ (θ,Π)∣∣+ ν∥Π0∥∗

Therefore,

P
({
L̄ (θ,Π)− L̄ (θ0,Π0) ≥ ε

}
∩
{(
θ̂, Π̂

)
∈ B

})
≤ P

({
2 sup
(θ,Π)∈B

∣∣LNT (θ,Π)− L̄ (θ,Π)∣∣+ ν∥Π0∥∗ ≥ ε

}
∩
{(
θ̂, Π̂

)
∈ B

})

≤ P

(
2 sup
(θ,Π)∈B

∣∣LNT (θ,Π)− L̄ (θ,Π)∣∣+ ν∥Π0∥∗ ≥ ε

)

In spirit of Assumption UC and that ν ∥Π0∥∗ = o (1), the above term goes to 0. Thus,

the desired result follow. ■

B.2 Proof of Results in Section 4.2

Recall the definition of norm ρ (·, ·) as ρ (δ,∆) =
[
∥δ∥2 + 1

NT
∥∆∥2∗

]1/2
. The empirical

risk function over some bounded set A is given by

ϵ(γ) := sup
(δ,∆)∈A

∣∣∣L̃NT (θ0 + δ,Π0 +∆)− L̃NT (θ0,Π0)
∣∣∣

where

A =
{
(δ,∆) ∈ Rp × RN×T : (θ0 + δ,Π0 +∆) ∈ Θ× ΦN×T} ∩ {ρ2 (δ,∆) ≤ γ2

}
The following auxiliary lemma is used to establish Proposition 1.

Lemma B.2. Under Assumptions 1 and 2, P (ϵ(γ) ≥ κ) = ζ2,NT for any κ > 0, where
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ζ2,NT is defined in (B.3). Furthermore, with probability at least 1− ζ3,NT ,

ϵ(γ) ≤
ψNT
√
cT√

N ∧ dT
γ

where ζ3,NT is defined in (B.4) and is independent of γ. Moreover, ζ2,NT and ζ3,NT approach

zero when (N, T )→∞.

Proof of Lemma B.2. First, note that under Assumption 2, L(Wit) has a uniform fourth-

moment bound for all (i, t). Thus, define Ω1 =
{
maxi∈[N ],t∈[T ] E

[
L (Wit)

4] ≤ C4
L

}
, where

CL <∞. We want to bound the empirical risk function ϵ(γ). To do so, we split the proof

into five steps.

Step 1: To begin with, write θ̃ = θ0 + δ and π̃it = π0,it +∆it. For any κ > 0, we have

P(ϵ(γ)
√
NT ≥ κ) ≤2P

(
sup

(δ,∆)∈A

1√
NdT

∣∣∣∣∣
N∑
i=1

dT∑
l=1

∑
t∈Hl

Z∗
it(δ,∆it)√

cT

∣∣∣∣∣ ≥ κ

3

)

+P

(
sup

(δ,∆)∈A

1√
NdT

∣∣∣∣∣
N∑
i=1

∑
t∈HR

Z∗
it(δ,∆it)√

cT

∣∣∣∣∣ ≥ κ

3

)
+ 2pNdTβ (cT )

:= 2A1 + A2 + 2pNdTβ (cT )

(B.1)

where we define Z∗
it(δ,∆it) as

Z∗
it(δ,∆it) = ℓ

(
W ∗
it; θ̃, π̃it

)
− ℓ (W ∗

it; θ0, π0,it)− E
[
ℓ
(
W ∗
it; θ̃, π̃it

)
− ℓ (W ∗

it; θ0, π0,it)
]

Here, we use Berbee’s coupling lemma (see Lemma 2.1 in Berbee (1987). Note that the

lemma is also valid for non-stationary sequences. Next, we proceed to bound A1 and A2 in

(B.1).

Before bounding A1, note that ∥∆∥F ≤ ∥∆∥∗. Then, by Assumption 2, we have the

following bound on the variance of the process,

sup
(δ,∆)∈A

E

[
1

NT

N∑
i=1

T∑
t=1

{
ℓ
(
W ∗
it; θ̃, π̃it

)
− ℓ (W ∗

it; θ0, π0,it)
}2
]

≤ sup
(δ,∆)∈A

E

[
1

NT

∑
i=1

∑
t=1

{L (Wit) [∥θ1 − θ2∥+ |π1 − π2|]}2
]
≤ C̃2

Lγ
2

where C̃L =
√
2CL, and maxi∈[N ],t∈[T ] E [L(Wit)

4] ≤ C4
L.

For any fixed δ and ∆ with ∥δ∥2 + 1
NT
∥∆∥2∗ ≤ γ2, we have the following bound on the
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variance of the process,

sup
(δ,∆)∈A

Var

(
N∑
i=1

dT∑
l=1

∑
t∈Hl

Z∗
it (δ,∆it)

)
≤ NTC̃2

Lγ
2

Let {εi,l}i∈[N ],l∈[dT ] be i.i.d Rademacher variables independent of the data. Given that

E [Z∗
it (δ,∆it)] = 0 by construction, we apply the symmetrization lemma as in Lemma 2.3.7

in van der Vaart and Wellner (1996),

P

(
sup

(δ,∆)∈A

1√
NdT

∣∣∣∣∣
N∑
i=1

dT∑
l=1

∑
t∈Hl

Z∗
it(δ,∆it)√

cT

∣∣∣∣∣ ≥ κ

)

≤
P
(
A0(γ) ≥ κ

4
| Ω1

)
+ P (Ωc

1)

1− 4
NTκ2

sup(δ,∆)∈AVar
(∑N

i=1

∑dT
l=1

∑
t∈Hl

Z∗
it(δ,∆it)

)
≤

P
(
A0(γ) ≥ κ

4
| Ω1

)
+ P (Ωc

1)

1− 4C̃2
Lγ

2/κ2
,

where

A0(γ) := sup
(δ,∆)∈A

∣∣∣∣∣∣ 1√
NdT

N∑
i=1

dT∑
l=1

εi,l

∑
t∈Hl

ℓ
(
W ∗
it; θ̃, π̃it

)
− ℓ (W ∗

it; θ0, π0,it)
√
cT

∣∣∣∣∣∣
Next, we define B0

1(γ) and B
0
2(γ) as:

B0
1(γ) = sup

(δ,∆)∈A

∣∣∣∣∣ 1√
NdT

N∑
i=1

dT∑
l=1

εi,l

(∑
t∈Hl

L (W ∗
it) ∥δ∥√
cT

)∣∣∣∣∣
and

B0
2(γ) = sup

(δ,∆)∈A

∣∣∣∣∣ 1√
NdT

N∑
i=1

dT∑
l=1

εi,l

(∑
t∈Hl

L (W ∗
it)∆it√
cT

)∣∣∣∣∣
By Assumption 2 and union bound we obtain that

P
(
A0(γ) ≥ κ | Ω1

)
≤ P

(
B0

1(γ) ≥ κ | Ω1

)
+ P

(
B0

2(γ) ≥ κ | Ω1

)
(B.2)

It remains to bound two terms in the RHS of (B.2).

Step 2: We first consider the bound on B0
1(γ). The argument is similar to the proof
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of Lemma D.3 in Belloni et al. (2018). Note that

B0
1(γ) ≤ cT max

m∈[cT ]
sup

(δ,∆)∈A

∣∣∣∣∣ 1√
NdT

N∑
i=1

dT−1∑
l=0

εi,l
L
(
W ∗
i,2lcT+m

)
∥δ∥

√
cT

∣∣∣∣∣
= max

m∈[cT ]
sup

(δ,∆)∈A

∣∣∣∣∣
√
cT√
NdT

N∑
i=1

dT−1∑
l=0

εi,lL
(
W ∗
i,2lcT+m

)
∥δ∥

∣∣∣∣∣
Applying Markov’s inequality and the union bound, we get

P
(
B0

1(γ) ≥ κ
)

≤ cT max
m∈[cT ]

P

(
sup

(δ,∆)∈A

∣∣∣∣∣
√
cT√
NdT

N∑
i=1

dT−1∑
l=0

εi,lL
(
W ∗
i,2lcT+m

)
∥δ∥

∣∣∣∣∣ ≥ κ

)

≤ cT max
m∈[cT ]

inf
τ>0

exp (−τκ)E

[
exp

(
τ sup

(δ,∆)∈A

∣∣∣∣∣
√
cT√
NdT

N∑
i=1

dT−1∑
l=0

εi,lL
(
W ∗
i,2lcT+m

)
∥δ∥

∣∣∣∣∣
)]

Now, fix m ∈ [cT ]. In this step, we will condition throughout on {W ∗
it} but omit explicit

notation for this conditioning to keep the notation lighter. We have

E

[
exp

(
τ sup

(δ,∆)∈A

∣∣∣∣∣
√
cT√
NdT

N∑
i=1

dT−1∑
l=0

εi,lL
(
W ∗
i,2lcT+m

)
∥δ∥

∣∣∣∣∣
)]

≤ 2E

[
exp

(
τγ
√
cT√

NdT

N∑
i=1

dT−1∑
l=0

εi,lL
(
W ∗
i,2lcT+m

))]
≤ 2 exp

(
τ 2cTγ

2C2
L

)
The first inequality follows from the definition of A and the last inequality follows from

the law of iterated expectations combined with both Hoeffding inequality and Chebyshev’s

inequality. Hence,

P
(
B0

1(γ) ≥ κ
)

≤ 2cT inf
τ>0

exp (−τκ) exp
(
τ 2cTγ

2C2
L

)
≤ 2cT exp

(
− κ2

4cTγ2C2
L

)
Step 3: Here, we boundB0

2(γ). First, by the definition ofA, we have sup(δ,∆)∈A ∥∆∥∗ ≤√
NTγ and we define ζ1,NT =

√
NT .
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Notice that

B0
2(γ) ≤cT max

m∈[cT ]
sup

(δ,∆)∈A

∣∣∣∣∣ 1√
NdT

N∑
i=1

dT−1∑
l=0

εi,l
L
(
W ∗
i,2lcT+m

)
∆i,2lcT+m√

cT

∣∣∣∣∣
= max

m∈[cT ]
sup

(δ,∆)∈A

∣∣∣∣∣
√
cT√
NdT

N∑
i=1

dT−1∑
l=0

εi,lL
(
W ∗
i,2lcT+m

)
∆i,2lcT+m

∣∣∣∣∣
We proceed to bound the moment generating function of B0

2(γ) and use that to obtain an

upper bound on B0
2(γ). Now fix m ∈ [cT ] ,

E

[
exp

(
τ sup

(δ,∆)∈A

∣∣∣∣∣
√
cT√
NdT

N∑
i=1

dT−1∑
l=0

εi,lL
(
W ∗
i,2lcT+m

)
∆i,2lcT+m

∣∣∣∣∣
)]

≤ E

[
sup

(δ,∆)∈A
exp

(
τ

√
cT√
NdT

N∑
i=1

dT−1∑
l=0

CL

∥∥∥(εilL (W ∗
i,2lcT+m

))
i,l

∥∥∥ ∥∆∥∗)]

≤ E

[
sup

(δ,∆)∈A
exp

(
τ

√
cT√
NdT

CLE
∥∥∥(εilL (W ∗

i,2lcT+m

))
i,l

∥∥∥ ∥∆∥∗)

· sup
(δ,∆)∈A

exp

(
τ

√
cT√
NdT

CL

(∥∥∥(εilL (W ∗
i,2lcT+m

))
i,l

∥∥∥− E
∥∥∥(εilL (W ∗

i,2lcT+m

))
i,l

∥∥∥) ∥∆∥∗)]

≤ exp

(
cτ

√
cT√
NdT

CLζ1,NT

(√
N ∨

√
dT

)
γ

)
exp

(
cτ 2

cT
NdT

C2
Lζ

2
1,NTγ

2

)
for a positive constant c > 0. The first inequality holds due to the duality between the

spectral and nuclear norms, while the second inequality follows from the triangle inequality.

The two upper bounds in the final inequality are derived from Theorem 3.4 in Chatterjee

(2015) and Theorem 1.2 in Vu (2007), respectively.

Therefore, by Markov inequality, we have

P
(
B0

2(γ) ≥ κ | Ω1

)
≤ cT max

m∈[cT ]
P

(
sup

(δ,∆)∈A

∣∣∣∣∣
√
cT√
NdT

N∑
i=1

dT−1∑
l=0

εi,lL
(
W ∗
i,2lcT+m

)
∆di,2lcT+m

∣∣∣∣∣ ≥ κ

)

≤ cT inf
τ>0

exp (−τκ) exp
(
cτ

√
cT√
NdT

CLζ1,NTγ
(√

N ∨
√
dT

))
exp

(
cτ 2

cT
NdT

C2
Lζ

2
1,NTγ

2

)
≤ ccT exp

(
−
√
N ∧ dTκ√

cTCLζ1,NTγ

)
for a positive constant c > 0. Similarly, we repeat the arguments above to bound A2 in
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(B.1).

Step 4: To prove the first part of Lemma B.2, note that for any positive γ and κ > 0,

we have

P(ϵ(γ) ≥ κ)

≤ 3
c exp

(
− NTκ2

cTC
2
Lγ

2 + ln (pcT )
)
+ c exp

(
−

√
N∧dT κ√
cTCLγ

+ log (cT )
)

1− cC̃2
Lγ

2/ (NTκ2)

+ 2pNdTβ (cT ) := ζ2,NT (B.3)

Step 5: To prove the second part of Lemma B.2, we set

κ =
ψNT
√
cT ζ1,NT√

N ∧ dT
γ

From this, we obtain that

P(ϵ(γ)
√
NT ≥ κ)

≤ 3
c exp (−ψ2

NT cT (N ∨ dT ) + log (pcT )) + c exp (−ψNT + log (cT ))

1− c [ψ2
NT cT (N ∨ T )]

−1

+ 2pNdTβ (cT ) := ζ3,NT (B.4)

For fixed κ > 0, as (N, T )→∞, (B.4) converges to zero by the definition of ψNT . Therefore,

ϵ(γ) ≤ κ/
√
NT =

ψNT
√
cT√

N ∧ dT
γ

with probability at least 1 − ζ3,NT , where ζ3,NT is independent of γ and ζ3,NT → 0 as

(N, T )→∞. ■

Before we proceed to prove Proposition 1, we first bound the empirical risk over some

set V . Define |V| as
|V| = sup

(θ,Π)∈V
ρ (θ − θ0,Π− Π0)

Proof of Proposition 1. Define C = {(θ,Π) ∈ V : ρ (θ − θ0,Π− Π0) ≤ cε,NT} and the

collection of rings Ck =
{
(θ,Π) ∈ V : 2k ≤ ρ (θ − θ0,Π− Π0) ≤ 2k+1

}
, k ∈ Z. We denote
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A = sup
(θ,Π)∈C

∣∣∣L̃NT (θ,Π)− L̃NT (θ0,Π0)
∣∣∣

Ak = sup
(θ,Π)∈Ck

∣∣∣L̃NT (θ,Π)− L̃NT (θ0,Π0)
∣∣∣

Define un =

⌊
log(cε,NT )

log(2)

⌋
and vn =

⌈
log(|V|)
log(2)

⌉
, assuming cε,NT ≤ |V| (otherwise, only A

needs to be bounded). Since {ρ (δ,∆) ≤ cε,NT} ∪
{
∪vnk=unAk

}
covers the set V and because

ρ (δ,∆) ≥ 2k on Ck, it holds that∣∣∣L̃NT (θ,Π)− L̃NT (θ0,Π0)
∣∣∣

ρ (θ − θ0,Π− Π0) ∨ cε,NT
≤
(
A (cε,NT )

−1) ∨ ( max
un≤k≤vn

Ak2
−k
)

We now examine individually each term on the right-hand side. By using the fact that

∥∆∥ ≤ ∥∆∥∗ and setting ζ1,NT =
√
NT , we invoke Lemma B.2. Hence, we have

P
(
A (cε,NT )

−1 ≥ ψNT cε,NT
)
≤ ζ3,NT

Similarly, it holds that P
(
Ak ≥ ψNT cε,NT2

k+1
)
≤ ζ3,NT . The union bound then yields,

P

(
max

un≤k≤vn
Ak2

−k ≥ 2ψNT cε,NT

)
≤ (vn − un + 1) ζ3,NT

The union bound and the two inequalities together give that

P

 sup
(θ,Π)∈V

∣∣∣L̃NT (θ,Π)− L̃NT (θ0,Π0)
∣∣∣

ρ (θ − θ0,Π− Π0) ∨ cε,NT
≥ ψNT cε,NT


≤ (vn − un + 2) ζ2,NT

≤
(
4 + 2 log2

(√
N ∧ T

))
ζ2,NT

≤ 3
c exp (−ψ2

nt (N ∨ dT ) + c̄ log (pcT )) + c exp (−ψnt + c̄ log (cT ))

1− c [ψ2
ntcT (N ∨ T )]

−1

+ 2pNTβ (cT )

:= ζ4,NT

for some constant c > 0. To derive the penultimate inequality, we use the fact that

⌈x⌉ ≤ x + 1 and that |V| ≤
(√

p+
√
N ∧ T

)
c′l. Furthermore, without loss of generality,

we assume that the fixed number of coefficients p is less than N and T . Hence, the last

inequality follows. As a result, the desired outcome follows, with ζ4,NT tending to zero as
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(N, T )→∞. ■

Lemma B.3. Let P(·) and M(·) be the projection operators defined in (4.1). For any

N × T matrices Π0 and ∆, we have the following results

(i) ∥Π0 +M(∆)∥∗ = ∥Π0∥∗ + ∥M(∆)∥∗;
(ii) ∥∆∥2F = ∥M(∆)∥2F + ∥P(∆)∥2F ;
(iii) rank(P(∆)) ≤ 2 rank(Π0);

(iv) ∥∆∥2∗ ≤ ∥∆∥2F rank(∆);

(v) For any conformable matrices ∆1 and ∆2, |tr (∆1∆2)| ≤ ∥∆1∥ ∥∆2∥∗.

Proof of Lemma B.3. The proof follows from that of Lemma C.2 in Chernozhukov et al.

(2019). ■

Proof of Theorem 1. Let

A1 =

{
∥δ∥2 + 1

NT
∥∆∥2F > γ2NT ∨ c′ε,nt

}
A2 = {(θ̂, Π̂) ∈ V}

A3 =
{∣∣∣L̃NT (θ̂, Π̂)− L̃NT (θ0,Π0)

∣∣∣ ≤ ψNT cε,NTρ
(
θ̂ − θ0, Π̂− Π0

)}
with γNT = 2(cν+1)

√
r

cRSC
ψNT cε,NT . We have

P (A1) = P (A1 ∩ A2 ∩ A3) + P (A1 ∩ (A2 ∩ A3)
c)

= P (A1 ∩ A2 ∩ A3) + P (A1 ∩ (Ac2 ∪ Ac3))

≤ P (A1 ∩ A2 ∩ A3) + P (A1 ∩ Ac2) + P (A1 ∩ Ac3)

:= P1 + P2 + P3

where the second inequality is due to the union bound. It holds P2 → 0 by Lemma 1.

Concerning P3, when conditional on A1 ∩ Ac3, it holds that ρ
(
θ̂ − θ0, Π̂− Π0

)
∨ cε,NT =

ρ
(
θ̂ − θ0, Π̂− Π0

)
. Therefore, over A1 ∩ Ac3, we find that

∣∣∣L̃NT (θ,Π)− L̃NT (θ0,Π0)
∣∣∣ ≥ ψNT cε,NT (ρ (θ − θ0,Π− Π0) ∨ cε,NT )

which holds with probability approaching zero by Lemma B.2. Hence, it suffices to show
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that P1 = 0. Note that

0 ≥ LNT
(
θ̂, Π̂

)
− LNT (θ0,Π0) + ν

(
∥Π̂∥∗ − ∥Π0∥∗

)
≥ E(θ̂, Π̂)− L̃NT (θ0,Π0) + L̃NT

(
θ̂, Π̂

)
+ ν (∥M (∆) ∥∗ − ∥P (∆) ∥∗)

where the first inequality holds by the definition of LNT
(
θ̂, Π̂

)
and the second inequality

holds by Lemma B.3. Specifically,

∥Π̂∥∗ − ∥Π0∥∗ =∥Π0 +M (∆) + P (∆) ∥∗ − ∥Π0∥∗
≥∥Π0 +M (∆) ∥∗ − ∥P (∆) ∥∗ − ∥Π0∥∗
=∥M (∆) ∥∗ − ∥P (∆) ∥∗

(B.5)

Next, the definition of A3 implies that the empirical risk function is bounded above. Since

E(θ̂, Π̂) ≥ 0, and ν = cν
ψNT cε,NT√

NT
, we have

0 ≤ ψNT cε,NT

(
∥δ∥+ 1√

NT
∥∆∥∗

)
+ cν

ψNT cε,NT√
NT

(∥P (∆) ∥∗ − ∥M (∆) ∥∗)

≤
√
NT ∥δ∥+ (cν + 1) ∥P (∆) ∥∗ − (cν − 1) ∥M (∆) ∥∗

≤
√
NT ∥δ∥+ 2cν∥P (∆) ∥∗ − (cν − 1) ∥∆∥∗

Hence, within A2 ∩ A3, we have (δ,∆) ∈ A, where A is defined in (4.2). Therefore, by

Assumptions 4, the excess risk function is bounded below by

inf
(θ,Π)∈A2∩A3

∥δ∥2+ 1
NT

∥∆∥2F=γ2NT

E (θ,Π)

≥ inf
(δ,∆)∈A2∩A3

∥δ∥2+ 1
NT

∥∆∥2F=γ2NT

cRSC

[
∥δ∥2 + 1

NT
∥∆∥2F

]

= cRSCγ
2
NT
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Summing these up, over the event A2 ∩ A3, we have

cRSCγ
2
NT ≤ ψNT cε,NT

(
∥δ∥+ 1√

NT
∥∆∥∗

)
+ cν

ψNT cε,NT√
NT

(∥P (∆) ∥∗ − ∥M (∆) ∥∗)

≤ ψNT cε,NT ∥δ∥+
ψNT cε,NT√

NT
{(cν + 1) ∥P (∆) ∥∗ − (cν − 1) ∥M (∆) ∥∗}

≤ ψNT cε,NT ∥δ∥+
ψNT cε,NT√

NT
(cν + 1) ∥P (∆) ∥∗

≤ ψNT cε,NT

(
∥δ∥+ cν + 1√

NT

√
2r ∥∆∥F

)
≤ (cν + 1)

√
2rψNT cε,NT

(
∥δ∥+ 1√

NT
∥∆∥F

)
≤ (cν + 1)

√
4rψNT cε,NTγNT

The first inequality follows from (B.5). The third inequality holds because ∥M(∆)∥∗ is

positive and cν ≥ 2. The fourth inequality is derived from Lemma B.3(iii) and (iv).

Consequently, γNT ≤ (cν+1)
√
4r

cRSC
ψNT cε,NT , leading to P1 = 0 w.p.a.1. ■

Corollary 1 presents two key results. First, it establishes the consistency of our rank

estimator r̂. Second, it outlines the convergence rates of Λ̂ and F̂ , which form the foundation

for the iterative localized estimation in the second step. The proof for the second part is

analogous to that of Lemma 2 in Chen, Dolado, and Gonzalo (2021), but we provide it

here for the sake of completeness.

Proof of Corollary 1. Denote γNT = ψNT
√

rcT
N∧dT

and thus from Theorem 1, we have

1√
NT

∥∥∥Π̂− Π0

∥∥∥
F
= Op (γNT ). Let σ1 > · · · > σr > 0 denote the nonzero singular values

of Π0. Note that Assumption 5 implies that there exists a constant c > 0 such that, with

probability approaching one, for all s ≤ r: c−1
√
NT ≤ σs ≤ c

√
NT , and σ2

s−1−σ2
s ≥ c

√
NT .

Part (i): To show that our rank estimator r̂ is consistent, we first use Weyl’s inequality

to obtain the error bound of singular values. That is, w.p.a.1,

max
s∈{1,...,N∧T}

{∣∣∣σs (Π̂)− σs∣∣∣} ≤ ∥∥∥Π̂− Π0

∥∥∥ ≤ ∥∥∥Π̂− Π0

∥∥∥
F

Based on the results of Theorem 1 and the assumption that σr+1 (Π0) = · · · = σN∧T (Π0) =

0 (i.e., the true rank is r),

max

{
max
s≤r

∣∣∣σs (Π̂)− σs (Π0)
∣∣∣ , max

r+1≤s≤N∧T

∣∣∣σs (Π̂)∣∣∣} ≲
√
NTγNT
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By Assumption 5, we have σr ≍
√
NTcr. Thus,

min
s≤r

σs

(
Π̂
)
≳ (cr − γNT )

√
NT = (cr + op (1))

√
NT

max
r+1≤s≤N∧T

σs

(
Π̂
)
≲
√
NTγNT =

√
NToP

(
γ
1/2
NT

)
= op(

√
NT

(
ν∥Π̂∥

)1/2
)

Combining the two yields P (r̂ = r)→ 1. This proves the consistency of r̂.

Part (ii): To simplify notation, we omit the hat notation for the estimator and

instead define 1√
NT
∥Π− Π0∥F = γNT , where Π = ΛF ′, with Λ and F normalized such

that F ′F/T = Ir and Λ′Λ/N is diagonal with non-increasing diagonal elements. Under this

normalization, Λ and F are uniquely identified.

First, let U ∈ Rr×r be a diagonal matrix whose diagonal elements are either 1 or −1.
Since F ′F/T = F ′

0F0/T = Ir and ∥Λ0∥F /
√
N ≤ c̄ by Assumption 5, we have

∥Λ− Λ0U∥F /
√
N = ∥(Λ− Λ0U)F

′∥F /
√
NT = ∥ΛF ′ − Λ0F

′
0 + Λ0F

′
0 − Λ0UF

′∥F /
√
NT

≤ ∥ΛF ′ − Λ0F
′
0∥F /

√
NT + ∥Λ0∥F /

√
N · ∥F − F0U∥F /

√
T

≤ γNT + c̄ ∥F − F0U∥ /
√
T .

Thus,

∥Λ− Λ0U∥F /
√
N + ∥F − F0U∥F /

√
T ≤ γNT + (1 + c̄) ∥F − F0U∥F /

√
T

Second,

∥F − F0U∥F /
√
T = ∥F0U − F (F ′F0U/T ) + F (F ′F0U/T )− F∥F /

√
T

≤ ∥F0U − F (F ′F0U/T )∥F /
√
T + ∥F (F ′F0U/T )− F∥F /

√
T

= ∥MFF0∥F /
√
T + ∥F ′F0/T − U∥F

where PA = A (A′A)−1A′ and MA = I− PA.
Third, we have

1√
NT
∥(ΛF ′ − Λ0F

′
0)MF∥F ≤

√
rank [(ΛF ′ − Λ0F ′

0)MF ] · ∥MF∥ · ∥ΛF ′ − Λ0F
′
0∥ /
√
NT

≲ ∥ΛF ′ − Λ0F
′
0∥F /

√
NT = γNT (B.6)
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and since

∥(ΛF ′ − Λ0F
′
0)MF∥F /

√
NT = ∥Λ0F

′
0MF∥F /

√
NT

=
√

Tr [(Λ′
0Λ0/N) · (F ′

0MFF0/T )]

≥
√
σNr
√

Tr (F ′
0MFF0/T )

=
√
σNr ∥MFF0∥F /

√
T (B.7)

It follows from (B.6) and (B.7) that

∥MFF0∥F /
√
T ≲

√
1

σNr
γNT (B.8)

Similarly, it can be shown that

∥MF0F∥F /
√
T ≲

√
1

µmin (Λ′Λ/N)
γNT (B.9)

Fourth, we have

1√
NT
∥(ΛF ′ − Λ0F

′
0)PF∥F ≤

1√
NT
∥ΛF ′ − Λ0F

′
0∥F · ∥PF∥F =

√
rγNT

so
1√
NT
∥(ΛF ′ − Λ0F

′
0)PF∥F

=
1√
NT
∥ΛF ′ − Λ0 (F

′
0F/T )F

′∥F

=
1√
N
∥Λ− Λ0 (F

′
0F/T )∥F ≤

√
rγNT

(B.10)

Likewise, it can be shown that

1√
N
∥Λ0 − Λ (F ′F0/T )∥F ≤

√
rγNT (B.11)

Fifth, define RT = F ′F0/T . Note that FRT = FF ′F0/T = PFF0, thus

Ir = F ′
0F0/T = R′

T (F
′F/T )RT + F ′

0F0/T −R′
T (F

′F/T )RT

= R′
TRT + F ′

0F0/T − F ′
0FRT/T + F ′

0FRT/T −R′
T (F

′F/T )RT

= R′
TRT + F ′

0 (F0 − FRT ) /T = R′
TRT + F ′

0MFF0/T

(B.12)
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because

F ′
0FRT/T −R′

T (F
′F/T )RT = (F0 − FRT )

′ FRT/T = F ′
0MFFRT/T = 0

In addition,

Λ′
0Λ0/N

= R′
T (Λ

′Λ/N)RT + (Λ′
0Λ0/N −R′

T (Λ
′Λ/N)RT )

= R′
T (Λ

′Λ/N)RT + Λ′
0 (Λ0 − ΛRT ) /N + (Λ0 − ΛRT )

′ ΛRT/N

(B.13)

Similar to the proof of (B.12), we have

Ir = RTR
′
T + F ′ (F − F0R

′
T ) /T = RTR

′
T + F ′MF0F/T (B.14)

From (B.13), it holds that

Λ′
0Λ0/N =R′

T (Λ
′Λ/N) (R′

T )
−1
R′
TRT + Λ′

0 (Λ0 − ΛRT ) /N + (Λ0 − ΛRT )
′ ΛRT/N

=R′
T (Λ

′Λ/N) (R′
T )

−1
+R′

T (Λ
′Λ/N) (R′

T )
−1

(R′
TRT − Ir)

+ Λ′
0 (Λ0 − ΛRT ) /N + (Λ0 − ΛRT )

′ ΛRT/N

and then it follows from the above equation and (B.12) that

(Λ′
0Λ0/N +DNT )R

′
T = R′

T (Λ
′Λ/N)

where

DNT = R′
T (Λ

′Λ/N) (R′
T )

−1
F ′
0MFF0/T − Λ′

0 (Λ0 − ΛRT ) /N − (Λ0 − ΛRT )
′ ΛRT/N

From (B.8), (B.10) and (B.11), we have ∥DNT∥F ≲ γNT . Hence, by the Bauer-Fike theorem,

it holds that

|σmin [Λ
′Λ/N ]− σmin [Λ

′
0Λ0/N ]| ≤ ∥DNT∥ ≤ ∥DNT∥F ≲ γNT (B.15)

Moreover, by Assumption 5 and the perturbation theory for eigenvectors,

∥R′
TVT S− Ir∥F = ∥R′

TVT − S∥F ≲ γNT

where VT = diag
((
RT,1R

′
T,1

)−1/2
, . . . ,

(
RT,rR

′
T,r

)−1/2
)
, and R′

T,j is the jth column of R′
T .
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Furthermore, (B.9) and (B.15) imply that σmin [Λ
′Λ/N ] is bounded below by a positive

constant, and that ∥MF0F∥F /
√
T ≲ γNT . From (B.14), we then have

∥VT − Ir∥F ≲ ∥RTR
′
T − Ir∥F = ∥MF0F∥

2
F /T ≲ γ2NT

Note that the triangular inequality implies that

∥R′
T − S∥F ≤ ∥R

′
TVT − S∥F + ∥R′

TVT −RT∥F ≤ ∥R
′
TVT − S∥F + ∥RT∥F · ∥VT − Ir∥F

Thus,

∥F ′F0/T − S∥F = ∥RT − S∥F ≲ γNT

Finally, setting U = S, we then have ∥F − F0S∥F /
√
T ≲ γNT and similarly ∥Λ− Λ0S∥ /

√
N ≲

γNT . ■

B.3 Discussion of Assumptions in Single-Index Models

In this section, we specialize to the case of single-index models and introduce two

auxiliary assumptions that together lead to the Restricted Strong Convexity condition in

Assumption 4. We further provide primitive, low-level conditions that verify one of these

assumptions.

We first recall that the single-index specification assumes that the conditional distri-

bution of Yit given Xit depends only on the scalar index X ′
itθ+πit. The common parameter

θ captures the marginal effect of observed covariates, while πit accounts for latent, time-

varying or individual-specific unobserved heterogeneity. Formally, the loss function can be

written as

ℓ(Wit; θ, πit) = ℓ
(
Yit, X

′
itθ + πit

)
,

where Wit = (Yit, Xit). In this setting, the population model (2.1) continues to hold, and

estimation proceeds via the regularized sample criterion in (3.2).

Restricted Strong Convexity We now introduce two auxiliary assumptions that to-

gether imply the high-level Restricted Strong Convexity (RSC) condition in Assumption 4.

These conditions are formulated to separate local strong convexity of the objective function

from separability of ∆ from the covariate X.

Assumption B.1. There exist constants cl and c
′
l such that for all (N, T ), the inequality
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∥δ∥2+ 1
NT
∥∆∥2F ≤ c′l, where δ is a p-dimensional vector and ∆ is an N×T matrix, implies

E (θ0 + δ,Π0 +∆) ≥ clE

 1

NT

∥∥∥∥∥
p∑
j=1

Xjδj +∆

∥∥∥∥∥
2

F


Assumption B.1 is a local strong convexity condition, similar to those commonly used in

the literature on nonconvex low-dimensional M-estimators. Specifically, the condition is im-

posed within an ℓ2-ball of fixed radius around the true parameters. In the low-dimensional

setting, i.e., when ∆ = 0, Assumption B.1 simplifies to the requirement that E (θ0 + δ, 0) ≥
c ∥δ∥2 for some constant c, under the assumption that mini,t µmin (E [XitX

′
it]) ≥ c̄. When

fixed effects are present and the loss function is strongly convex and smooth (i.e., the sec-

ond derivative exists and is bounded away from zero), Assumption B.1 is easily satisfied.

For more general loss functions, sufficient conditions for Assumption B.1 are provided in

Proposition B.2 below.

Assumption B.2. For all (δ,∆) ∈ A, there exists a universal constant cRSC > 0 such that

E

∥∥∥∥∥
p∑
j=1

Xjδj +∆

∥∥∥∥∥
2

F

 ≥ NT · c′RSC ∥δ∥
2 + c′RSC ∥∆∥

2
F

Intuitively, Assumption B.2 requires that ∆ cannot be fully explained byX, and thus is

separable. Its verification is challenging without imposing further conditions on parameter

space. See also discussions in Moon and Weidner (2019) and Miao, Phillips, and Su (2022)

following their Assumption 1 and Assumption 2, respectively.

Proposition B.1. Suppose Assumptions B.1 and B.2 hold, then Assumption 4 holds.

Proof. The result follows directly from the definitions of Assumptions B.1 and B.2. ■

Low-Level Sufficient Conditions. This subsection provides primitive sufficient con-

ditions for Assumption B.1 in single-index settings, taking the high-level identification

condition in Assumption 3(ii) as maintained. These conditions verify the local curvature

requirement needed for the restricted strong convexity argument.

With a slight abuse of notation, we define the index function as Zit = X ′
itθ + πit ∈ Z,

where Z = {z ∈ R | z = x′θ + π s.t. (x, θ, π) ∈ X ×Θ× Φ}. Define

m(z, x) = E[ℓ(Yit, z) | Xit = x], (z, x) ∈ Z × X ,
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and let Z0,it = X ′
itθ0 + π0,it denote the index function evaluated at the true parameter

values.

We define the expected score function as s(z, x) = ∂
∂z
m(z, x) and the expected Hessian

as H(z, x) = ∂2

∂z∂z′
m(z, x). We denote sit = s(Zit, Xit) and s0,it = s(Z0,it, Xit). Similarly,

we denote Hit = H(Zit, Xit) and H0,it = H(Z0,it, Xit).

Proposition B.2. Suppose Assumption 3(ii) holds, along with the following conditions:

(i) There exists a constant c̄ > 0 such that maxi,t µmax (E [XitX
′
it]) ≤ c̄;

(ii) The partial derivatives of m (z, x) with respect to z up to the third order are uniformly

bounded in absolute value over (z, x) ∈ Z × X ;
(iii) It holds that

∑N
i=1

∑T
t=1 E [s0,it (Zit − Z0,it)] ≥ 0;

(iv) The expected Hessian H0,it is positive definite and, in fact,

inf
i∈[N ],t∈[T ]

inf
Xit∈X

µmin (H0,it) ≥ cmin

for some constant cmin > 0.

(v) The following holds,

0 < q := inf
(δ,∆)∈V1,δ ̸=0

(
E
(

1
NT

∑N
i=1

∑T
t=1 (X

′
itδ +∆it)

2
))3/2

E
(

1
NT

∑N
i=1

∑T
t=1 |X ′

itδ +∆it|3
)

where V1 =
{
(δ,∆) ∈ Rp × RN×T : ∥δ∥2 + 1

NT
∥∆∥2F ≤ c̄l

}
.

Then Assumption B.1 holds.

Condition (i) requires that the eigenvalues of E[XitX
′
it] are bounded from above, a

standard assumption in high-dimensional models. Condition (iv) ensures the positive def-

initeness of the expected Hessian matrix at the true parameter values, and Condition (v)

imposes a nonlinearity condition as in Belloni, Chen, Madrid Padilla, and Wang (2023)

and Belloni and Chernozhukov (2011).

Proof of Proposition B.2. Using a third-order Taylor expansion of m(Zit, Xit) around

Z0,it = X ′
itθ0 + π0,it, we obtain

E(Z) = E

[
1

NT

∑
i,t

(
m(Zit, Xit)−m(Z0,it, Xit)

)]

=
1

NT

∑
i,t

E
[
s(Z0,it, Xit)(Zit − Z0,it) +

1
2
H(Z0,it, Xit)(Zit − Z0,it)

2 + rZ,it

]
,
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where the remainder term satisfies

|rZ,it| ≤
1

6
sup
z∈Z

∣∣∣∣ ∂3∂z3m(z,Xit)

∣∣∣∣ |Zit − Z0,it|3 ≤
cM
6
|Zit − Z0,it|3

for some constant cM > 0 by Condition (ii).

Since E[s(Z0,it, Xit)] = 0 and the smallest eigenvalue of the expected Hessian satisfies

µmin(H0,it) ≥ cmin > 0 by Condition (iv), it follows that

E(Z) ≥ 1

NT

∑
i,t

E
[cmin

2
(Zit − Z0,it)

2 − cM
6
|Zit − Z0,it|3

]
.

By the definition of V1 and the boundedness of Xit, we can choose a constant c′l ≤ c̄l such

that

E

[
1

NT

∑
i,t

(Zit − Z0,it)
2

]
≤
(
3qcmin

cM

)2

.

Substituting this into the previous inequality yields

E(Z) ≥ cmin

6
E

[
1

NT

∑
i,t

(Zit − Z0,it)
2

]
,

which verifies Assumption B.1 with c′l as defined above and cl = cmin/6. ■

C Proofs of Inference Results

C.1 Notation and Choice of Norms

In this section, I adopt the notations introduced by Fernández-Val and Weidner (2016)

and Chen, Fernández-Val, and Weidner (2021). I extend their asymptotic results for “joint

estimators” to the framework of my iterative procedure. We collect all these effects in the

r (N + T )-vector ϕNT = (λ1, . . . , λN , f1, . . . , fT )
′. The model parameter θ is the coefficient

of interest, and the vector ϕNT is treated as a nuisance parameter. The true values of the

parameters, denoted by θ0 and ϕ0 = (λ′01, . . . , λ
′
0N , f

′
01, . . . , f

′
0T )

′, are the solution to the

population conditional maximum likelihood.

As discussed in Remark 1, the factors and factor loadings are not separately identified

without suitable normalization. In the first-step estimation we adopt a standard normaliza-

tion commonly used in linear and nonlinear factor models; however, for deriving the asymp-

totic distribution we employ an alternative normalization, following Chen, Fernández-Val,
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and Weidner (2021). Specifically, we impose the restriction that
∑N

i=1 λ0iλ
′
0i =

∑T
t=1 f0tf

′
0t,

and define the restricted parameter set as

Φ :=

{
ϕ ∈ Rdϕ :

N∑
i=1

λ0iλ
′
i =

T∑
t=1

ftf
′
0t

}

Imposing ϕ̂ ∈ Φ is not feasible in practice because the true parameters appear in

the definition of Φ. Nonetheless, all asymptotic results concern the estimator θ̂, which is

invariant to the choice of normalization for ϕ̂. Thus, treating ϕ̂ ∈ Φ as if it were imposed

is a technical device used solely for the proofs. With slight abuse of notation, we redefine

LNT (θ,Λ, F ) for LNT (θ,Λ, F ) in the main context, and introduce the following normalized

criterion function

LNT (θ,Λ, F ) = LNT (θ,Λ, F )−
b

2NT
∥Λ′

0Λ− F ′F0∥2F

where b > 0 for some constant.

To simplify notations, we suppress the dependence on NT of all the sequences of

functions and parameters, e.g. we use L for LNT and ϕ for ϕNT . Partial derivatives are

denoted with subscripts, e.g. ∂θL(θ, ϕ) denotes ∂L(θ, ϕ)/∂θ and so on. Let

S(θ, ϕ) = ∂ϕL(θ, ϕ), H(θ, ϕ) = ∂ϕϕ′L(θ, ϕ)

where ∂xf is the partial derivative of f with respect to x, and additional subscripts denote

higher order partial derivatives. We refer to the dimϕ-vector S(θ, ϕ) as the incidental

parameter score, and to the dimϕ × dimϕ matrix H(θ, ϕ) as the incidental parameter

Hessian. We drop arguments when evaluating at the true parameter values (θ0, ϕ0), e.g.

H = H (θ0, ϕ0). We use a bar for expectations given ϕ, such as ∂θL̄ = E [∂θL], and a tilde

for variables in deviations from expectations, such as ∂θL̃ = ∂θL − ∂θL̄.
We follow Fernández-Val and Weidner (2016) (FVM) in using the Euclidean norm ∥ ·∥

for vectors, and the norm induced by the Euclidean norm for matrices and tensors, i.e.

∥∂θθθL(θ, ϕ)∥ = max
u,v∈Rdim θ:∥u∥=1,∥v∥=1

∥∥∥∥∥
dim θ∑
k,l=1

ukvl∂θθkθlL(θ, ϕ)

∥∥∥∥∥
For matrices this induced norm is the spectral norm. Since the number of fixed effect

parameters in the model grows with N and T , the choice of norm for vectors and matrices is

important. Following FVW, we choose the ℓq-norm for dimϕ vectors and the corresponding
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induced norms for matrices and tensors

∥∂ϕϕϕL(θ, ϕ)∥q = max
u,v∈Rdimϕ:∥u∥=1,∥v∥=1

∥∥∥∥∥
dimβ∑
k,l=1

ukvl∂ϕϕkϕlL(θ, ϕ)

∥∥∥∥∥
q

Note that for w, x ∈ Rdimϕ and q ≥ 2,

|w′x| ≤ ∥w∥q∥x∥q/(q−1) ≤ (dimϕ)(q−2)/q∥w∥q∥x∥q

See FVW for more details on these norms. We also define the sets B (d, θ0) = {θ : ∥θ − θ0∥ ≤ d}
and B (d, ϕ0) = {ϕ : ∥ϕ− ϕ0∥ ≤ d} for d > 0.

In the remainder of the section, we assume that all assumptions from Section 4 hold

for all lemmas, unless explicitly stated otherwise. Additionally, we use the fact that the

radius of our localized region dNT = op

(
(NT )−1/4+ϵ

)
, for 0 < ϵ ≤ 1

8
− 1

2q
with q > 4, when

N and T go to infinity at the same rate.

C.2 Proof of Theorem 2 and 3

The first lemma is important for the stochastic expansion of θ̂(m+1), as it states that

the expected incidental parameter Hessian matrix is asymptotically diagonal.

Lemma C.1. We have ∥∥H̄−1 − H̄−1
d

∥∥ = Op (1)

where H̄d = diag
(
H̄∗

(λλ), H̄∗
(ff)

)
. Furthermore, for θ ∈ B (dNT , θ0) and ϕ ∈ B

(√
N ∨ TdNT , ϕ0

)
,

there exists a constant c > 0 such that
√
NTH(θ, ϕ) ≥ cIr(N+T ) w.p.a.1.

Proof of Lemma C.1. The result follows directly from Lemma 2 and Lemma 3 in Chen,

Fernández-Val, and Weidner (2021); we therefore omit the proof. ■

Lemma C.2. Let q = 8, ϵ = 1/ (16 + 2ι), and dNT = op

(
(NT )−1/4+ϵ

)
. Then, we have

(i) For the q-norms defined before, we have

∥S∥q = Op

(
(NT )−3/4+1/(2q)

)
, ∥∂θL∥ = Op

(
(NT )−1/2

)
, ∥H̃∥q = op

(
(NT )−1/2

)
,

∥∂θϕ′L∥q = Op

(
(NT )−1/2+1/(2q)

)
, ∥∂θθ′L∥ = Op (1) , ∥∂θϕϕL∥q = Op

(
(NT )−1/2+ϵ

)
,

∥∂ϕϕϕL∥q = Op

(
(NT )−1/2+ϵ

)
,

65



and

∥S∥ = Op

(
(NT )−1/2

)
,
∥∥H−1

∥∥ = Op

(√
NT

)
,
∥∥H̄−1

∥∥ = Op

(√
NT

)
∥∥H−1 − H̄−1

∥∥ = oP

(
(NT )3/8

)
,
∥∥∥H−1 −

(
H̄−1 − H̄−1H̃H̄−1

)∥∥∥ = oP

(
(NT )1/4

)
,

∥∂θϕ′L∥ = Op

(
(NT )−1/4

)
, ∥∂θϕϕL∥ = Op

(
(NT )−1/2+ϵ

)
∥∥∥∥∥∑

g

∂ϕϕ′ϕgL
[
H−1S

]
g

∥∥∥∥∥ = Op

(
(NT )−3/4+1/(2q)+ϵ

)
∥∥∥∥∥∑

g

∂ϕϕ′ϕgL
[
H̄−1S

]
g

∥∥∥∥∥ = Op

(
(NT )−3/4+1/(2q)+ϵ

)
(ii) Moreover,

∥H̃∥ = oP
(
(NT )−5/8

)
,
∥∥∥∂θθ′L̃∥∥∥ = oP (1),

∥∥∥∂θϕϕL̃∥∥∥ = oP
(
(NT )−5/8

)
,∥∥∥∂θϕ′L̃∥∥∥ = Op

(
(NT )−1/2

)
,

∥∥∥∥∥
dimϕ∑
g,h=1

∂ϕϕgϕhL̃
[
H−1S

]
g

[
H−1S

]
h

∥∥∥∥∥ = oP
(
(NT )−3/4

)
.

(iii) For all θ ∈ B (dNT , θ0) and ϕ ∈ B
(√

N ∨ TdNT , ϕ0

)
, we have

∥∂θθ′L(θ, ϕ)∥ = Op (1) , ∥∂θϕ′L(θ, ϕ)∥q = Op

(
(NT )−1/2+1/(2q)

)
, ∥∂θθθL(θ, ϕ)∥ = Op (1)

∥∂θθϕL(θ, ϕ)∥q = Op

(
(NT )−1/2+1/(2q)

)
, ∥∂θϕϕL(θ, ϕ)∥q = Op

(
(NT )−1/2+ϵ

)
,

∥∂ϕϕϕL(θ, ϕ)∥q = Op

(
(NT )−1/2+ϵ

)
, ∥∂θθϕϕL(θ, ϕ)∥q = Op

(
(NT )−1/2+ϵ

)
,

∥∂θϕϕϕL(θ, ϕ)∥q = Op

(
(NT )−1/2+ϵ

)
, ∥∂ϕϕϕϕL(θ, ϕ)∥q = Op

(
(NT )−1/2+ϵ

)
Proof. The proofs follow those of Theorem 4 in Chen, Fernández-Val, and Weidner (2021)

and Theorem C.1 and Lemma S.7 in Fernández-Val and Weidner (2016). ■

Lemma C.3. The following stochastic expansion holds at the updated parameter θ:

∂θL
(
θ̂(m+1), ϕ̂(m)

)
= W̄

(
θ(m+1) − θ0

)
− U (0)

(
θ̂(m) − θ0

)
− U (1) − U (2) +R

(m)
θ
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where
W̄ = ∂θθ′L̄

U (0) =
(
∂θϕ′L̄

)
H̄−1

(
∂ϕθ′L̄

)
U (1) = −∂θL+

(
∂θϕ′L̄

)
H̄−1S

U (2) =
([
∂θϕ′L̃

]
H̄−1S −

[
∂θϕ′L̄

]
H̄−1H̃H̄−1S

)
+

1

2

∑
g∈[dim(ϕ)]

(
∂θϕ′ϕgL̄+

[
∂θϕ′L̄

]
H̄−1

[
∂ϕϕ′ϕgL̄

])
H̄−1S

(
H̄−1S

)
g

and the remainder term satisfies R
(m)
θ = op

(∥∥∥θ̂(m+1) − θ0
∥∥∥)+op (∥∥∥θ̂(m) − θ0

∥∥∥)+oP ((NT )−1/2
)
.

Proof of Lemma C.3. Based on Theorem B.1(i) in Fernández-Val and Weidner (2016),

we have

ϕ̂ (θ)− ϕ0

= −H−1 (∂ϕθ′L) (θ − θ0)−H−1S − 1

2
H−1

∑
g

(
∂ϕϕ′ϕgL

)
H−1S

(
H−1S

)
g
+R1ϕ (θ)

and the remainder term of the expansion satisfies

∥R1ϕ (θ)∥q = sup
∥v∥q/(q−1)=1

v′R1ϕ(θ)

= OP

[
(NT )1/q+ϵ∥θ − θ0∥2 + (NT )−1/4+1/q+ϵ∥θ − θ0∥+ (NT )−3/4+3/(2q)+2ϵ

]
= oP

(
(NT )1/8+1/(2q) ∥θ − θ0∥2

)
+ oP

(
(NT )−1/8+1/(2q) ∥θ − θ0∥

)
+ oP

(
(NT )−1/2+1/(2q)

)
We can further decompose the deviation of the incidental parameter estimator as

ϕ̂(θ)− ϕ0

= −H̄−1
(
∂ϕθ′L̄

) (
θ(m) − θ0

)
− H̄−1S + H̄−1H̃H̄−1S

− 1

2
H̄−1

∑
g

(
∂ϕϕ′ϕgL̄

)
H̄−1S

(
H̄−1S

)
g
+R1ϕ(θ) +R2ϕ (θ) (C.1)
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where

R2ϕ (θ) =
[
H−1 (∂ϕθ′L)− H̄−1

(
∂ϕθ′L̄

)]
(θ − θ0) +

[
H−1 −

(
H̄−1 − H̄−1H̃H̄−1

)]
S

+
1

2

[
H−1

∑
g

(
∂ϕϕ′ϕgL

)
H−1S

(
H−1S

)
g
− H̄−1

∑
g

(
∂ϕϕ′ϕgL̄

)
H̄−1S

(
H̄−1S

)
g

]

Again, by Lemma C.2, we have

∥Rϕ (θ) ∥

≤
∥∥H−1 − H̄−1

∥∥ ∥∂ϕ′θL∥ ∥θ − θ0∥+ ∥∥H̄−1
∥∥∥∥∥∂ϕ′θL̃∥∥∥ ∥θ − θ0∥

+
∥∥∥H−1 −

(
H̄−1 − H̄−1H̃H̄−1

)∥∥∥ ∥S∥
+

1

2

(∥∥H−1
∥∥+ ∥∥H̄−1

∥∥) ∥∥H−1 − H̄−1
∥∥ ∥S∥∥∥∥∥∥∑

g

∂ϕϕ′ϕgL
[
H−1S

]
g

∥∥∥∥∥
+

1

2

∥∥H−1 − H̄−1
∥∥∥∥H̄−1

∥∥ ∥S∥∥∥∥∥∥∑
g

∂ϕϕ′ϕgL
[
H̄−1S

]
g

∥∥∥∥∥
+

1

2

∥∥H̄−1
∥∥ ∥S∥∥∥∥∥∥∑

g,h

∂ϕϕgϕhL̃
[
H̄−1S

]
g
L̃
[
H̄−1S

]
h

∥∥∥∥∥
= op

(
(NT )1/8 ∥θ − θ0∥

)
+ op

(
(NT )−1/4

)
uniformly over θ ∈ B (dNT , θ0). Note that by Lemma C.2, we have∥∥∥ϕ̂ (θ)− ϕ0

∥∥∥
q
≤
∥∥H−1

∥∥
q
∥S∥q +

∥∥H−1
∥∥
q
∥∂ϕθ′L∥q ∥θ − θ0∥q

+
1

2

∥∥H−1
∥∥3
q
∥∂ϕϕϕL∥q ∥S∥

2
q + ∥R1ϕ (θ)∥q

= OP

(
(NT )−1/4+1/(2q)

)
+Op

(
(NT )1/(2q) ∥θ − θ0∥

)
= Op

(
(NT )1/(2q) ∥θ − θ0∥

)
Next, We expand ∂θL

(
θ̂(m+1), ϕ̂(m)

)
around (θ0, ϕ0) and get

∂θL
(
θ̂(m+1), ϕ̂(m)

)
=∂θL+ (∂θθ′L)

(
θ̂(m+1) − θ0

)
+ (∂θϕ′L)

(
ϕ̂(m) − ϕ0

)
+
1

2

∑
g∈[dim(ϕ)]

[
∂θϕ′ϕgL

]
H−1S

(
H−1S

)
g
+R

(m)
1θ
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and the remainder term satisfies∥∥∥R(m)
1θ

∥∥∥ = sup
∥v∥=1

v′R
(m)
1θ

≤ 1

2

∥∥∥∥∥∥
∑

g∈[dim(ϕ)]

[
∂θϕ′ϕgL

] (
ϕ̂(m) − ϕ0

)(
ϕ̂(m) − ϕ0

)
g
−

∑
g∈[dim(ϕ)]

[
∂θϕ′ϕgL

]
H−1S

(
H−1S

)
g

∥∥∥∥∥∥
q

+
1

2
∥∂θθθL (θ∗, ϕ0)∥

∥∥∥θ̂(m+1) − θ0
∥∥∥2 + (NT )1/2−1/q ∥∂θθϕL (θ0, ϕ∗)∥q

·
∥∥∥ϕ̂(m) − ϕ0

∥∥∥
q

∥∥∥θ̂(m+1) − θ0
∥∥∥+ 1

6
(NT )1/2−1/q ∥∂θϕϕϕL (θ∗, ϕ0)∥q

∥∥∥ϕ̂(m) − ϕ0

∥∥∥3
q

= op

(∥∥∥θ̂(m+1) − θ0
∥∥∥)+ op

(∥∥∥θ̂(m) − θ0
∥∥∥)+Op

(∥∥∥θ̂(m+1) − θ0
∥∥∥2)+ oP

(
(NT )−1/2

)
= op

(∥∥∥θ̂(m+1) − θ0
∥∥∥)+ op

(∥∥∥θ̂(m) − θ0
∥∥∥)+ oP

(
(NT )−1/2

)
where θ∗ lies between θ̂(m+1) and θ0 and ϕ∗ lies between ϕ̂(m) and ϕ0.

We can further decompose

∂θL(θ̂(m+1), ϕ̂(m))

= ∂θL+
(
∂θθ′L̄

) (
θ̂(m+1) − θ0

)
+
(
∂θϕ′L̄

) (
ϕ̂(m) − ϕ0

)
+

1

2

∑
g

[
∂θϕ′ϕgL̄

]
H−1S

(
H−1S

)
g
+R

(m)
θ

= W̄
(
θ̂(m+1) − θ0

)
− U (0)

(
θ̂(m) − θ0

)
− U (1) − U (2) +R

(m)
θ

where the last equality uses (C.1), and R
(m)
θ takes the form

R
(m)
θ = R

(m)
1θ +

(
∂θθ′L̃

)(
θ̂(m+1) − θ0

)
+
(
∂θϕ′L̃

)
H̄−1

(
∂ϕθ′L̄

) (
θ(m) − θ0

)
−
(
∂θϕ′L̃

)
H̄−1H̃H̄−1S

+
1

2

[∑
g

(
∂θϕ′ϕgL

)
H−1S

(
H−1S

)
g
−
∑
g

(
∂θϕ′ϕgL̄

)
H̄−1S

(
H̄−1S

)
g

]

+
1

2

(
∂θϕ′L̃

)
H̄−1

∑
g

(
∂ϕϕ′ϕgL̄

)
H̄−1S

(
H̄−1S

)
g
+
(
∂ϕθ′L̄

) (
R1ϕ

(
θ(m)

)
+R2ϕ

(
θ(m)

))
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Furthermore, from Lemma C.2, we have∥∥∥R(m)
θ

∥∥∥ ≤ ∥∥∥R(m)
1θ

∥∥∥+ ∥∥∥∂θθ′L̃∥∥∥∥∥∥θ̂(m+1) − θ0
∥∥∥+ ∥∥∥∂θϕ′L̃∥∥∥∥∥H̄−1

∥∥∥∥∂ϕθ′L̄∥∥∥∥∥θ̂(m) − θ0
∥∥∥

+
∥∥H̄−1

∥∥2 ∥∥∥∂θϕ′L̃∥∥∥∥∥∥H̃∥∥∥ ∥S∥
+

1

2
∥∂θϕϕL∥

(∥∥H−1
∥∥+ ∥∥H̄−1

∥∥) ∥∥H−1 − H̄−1
∥∥ ∥S∥2

+
1

2

∥∥H̄−1
∥∥2 ∥∥∥∂θϕϕL̃∥∥∥ ∥S∥2 + (NT )1/2−1/q

∥∥∂ϕθ′L̄∥∥q ∥∥R1ϕ

(
θ(m)

)∥∥
q
+
∥∥∂ϕθ′L̄∥∥∥∥∥R(m)

1θ

∥∥∥
=
∥∥∥R(m)

1θ

∥∥∥+ oP

(∥∥∥θ̂(m+1) − θ0
∥∥∥)+OP

(
(NT )−1/4

∥∥∥θ̂(m) − θ0
∥∥∥)

+ oP

(
(NT )−1/8+ϵ

∥∥∥θ̂(m) − θ0
∥∥∥)+ oP

(
(NT )−1/2

)
= op

(∥∥∥θ̂(m+1) − θ0
∥∥∥)+ op

(∥∥∥θ̂(m) − θ0
∥∥∥)+ oP

(
(NT )−1/2

)
The desirable results then follow. ■

Before proceeding to the next lemma, we introduce several quantities. For any N × T
matrix A we define the N × T matrix PA as follows

(PA) it = λ∗′i f0t + λ′0if
∗
t , (λ∗, f ∗) ∈ argmin

λi,ft

∑
i,t

E [∂π2ℓit] (Ait − λ′if0t − λ′0ift)
2

Note that PP = P. We also define the linear operator P̃ as

P̃A = PÃ, Ãit =
Ait

E [∂π2ℓit]
(C.2)

The next lemma gives a convenient algebraic result, which is used extensively in de-

riving the asymptotic expansion for the estimated common parameter. This is a straight-

forward extension of Lemma S.8 in FVW.

Lemma C.4. Let A,B and C be N × T matrices, and let the expected incidental param-

eter Hessian H̄ be invertible. Define the r (N + T ) vectors A and B and the r (N + T ) ×
r (N + T ) matrix C as followsA3

A =
1

NT

(
(
∑

tAitf0t)i∈[N ]

(
∑

iAitλ0i)t∈[T ]

)
, B =

1

NT

(
(
∑

tBitf0t)i∈[N ]

(
∑

iBitλ0i)t∈[T ]

)
A3Here, (

∑
t Aitf0t)i∈[N ]

is a rN -dimensional vector with its i-th block to be a r-dimensional vector,∑
t Aitf0t .
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and

C = 1

NT

 diag
(
(
∑

tCitf0tf
′
0t)i∈[N ]

)
(Citλ0if

′
0t)i∈[N ],t∈[T ]

(Citλ0if
′
0t)

′
i∈[N ],t∈[T ] diag

(
(
∑

iCitλ0iλ
′
0i)t∈[T ]

) 
Then

(i) A′H̄−1B = 1
NT

∑N
i=1

∑T
t=1

(
P̃A
)
it
Bit =

1
NT

∑N
i=1

∑T
t=1

(
P̃B
)
it
Ait;

(ii) A′H̄−1B = 1
NT

∑N
i=1

∑T
t=1 E [∂π2ℓit]

(
P̃A
)
it

(
P̃B
)
it
;

(iii) A′H̄−1C−1H̄−1B = 1
NT

∑N
i=1

∑T
t=1

(
P̃A
)
it
Cit

(
P̃B
)
it
.

Proof. To simplify the notations, we consider the case r = 1, but the proof can be easily

generalized to the case r > 1. Let λ∗i f0t + λ0if
∗
t =

(
PÃ
)
it =

(
P̃A
)
it, with Ãit defined in

(C.2). The first order condition of the minimization problem in the definition of
(
PÃ
)
it

can be written as H̄

(
λ∗

f ∗

)
= A. One solution to this is

(
λ∗

f ∗

)
= H̄−1A. Therefore,

A′H̄−1B =

(
λ∗

f ∗

)
B = 1

NT

∑N
i=1

∑T
t=1

(
P̃A
)
itBit. This is the first equality of the state-

ment (i), and the second equality in statement (i) follows by symmetry. Statement (ii) is

a special case of statement (iii) with C = H̄. Let λif0t + λ0ift =
(
PB̃
)
it =

(
P̃B
)
it with

B̃it =
Bit

E[∂π2ℓit]
. Analogous to the above, choose

(
λ

f

)
= H̄−1B as one solution to the

minimization problem. Then A′H̄−1C−1H̄−1B = 1
NT

∑N
i=1

∑T
t=1

(
P̃A
)
it
Cit

(
P̃B
)
it
. ■

Lemma C.5. The approximate Hessian and the terms of the score defined in Lemma C.3

can be written as

W̄ =
1

NT

N∑
i=1

T∑
t=1

E [∂θθℓit]

U (0) =
1

NT

N∑
i=1

T∑
t=1

E [∂π2ℓitΞitΞ
′
it]

U (1) =
1

NT

N∑
i=1

T∑
t=1

−Dθℓit

U (2) = − 1

NT

N∑
i=1

T∑
t=1

Λit (Dθπℓit − E [Dθπℓit]) +
1

2NT

N∑
i=1

T∑
t=1

Λ2
itE [Dθπ2ℓit]

where Dθπqℓit = ∂θπqℓit − Ξit∂πq+1ℓit with q = 0, 1, 2.
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Proof of Lemma C.5. First, it is by definition that

W̄ =
1

NT

N∑
i=1

T∑
t=1

E [∂θθℓit]

The terms U (0) is easy by Lemma C.4(ii). Since E [∂θL] = 0 and E [S] = 0, we have

E
[
U (1)

]
= 0. Also, from Lemma C.3 and Lemma C.4(i), we have

U (1) =
1

NT

N∑
i=1

T∑
t=1

(−∂θℓit + Ξit∂πℓit) =
1

NT

N∑
i=1

T∑
t=1

−Dθℓit

It remains to show the decomposition of U (2). Define Λd,it to be

Λit := −
1

NT

N∑
j=1

T∑
τ=1

(
f ′
0tH̄−1

(λλ)ijf0τ + f ′
0tH̄−1

(λf)iτλ0j + λ′0iH̄−1
(fλ)tjf0τ + λ′0iH̄−1

(ff)tτλ0j

)
∂πℓjτ

(C.3)

In addition, with Lemma C.4(iii),

U (2) =
[
∂θϕ′L̃

]
H̄−1S −

[
∂θϕ′L̄

]
H̄−1H̃H̄−1S

+
1

2

∑
g=1

(
∂θϕ′ϕgL̄+

[
∂θϕ′L̄

]
H̄−1

[
∂ϕϕ′ϕgL̄

])
H̄−1S

(
H̄−1Sg

)
= − 1

NT

N∑
i=1

T∑
t=1

Λit

(
∂θπ ℓ̃it + Ξit∂π2 ℓ̃it

)
+

1

2NT

N∑
i=1

T∑
t=1

Λ2
it

(
E [∂θπ2ℓit] +

(
∂θϕ′L̄

)
H̄−1E [∂ϕ∂π2ℓit]

)
= − 1

NT

N∑
i=1

T∑
t=1

Λit (Dθπℓit − E [Dθπℓit])︸ ︷︷ ︸
U(2a)

+
1

2NT

N∑
i=1

T∑
t=1

Λ2
itE [Dθπ2ℓit]︸ ︷︷ ︸

U(2b)

(C.4)

where the penultimate equality uses Lemma C.4(i). For each i and t, ∂ϕ∂π2ℓit is a dim-ϕ

vector, which can be written as ∂ϕ∂π2ℓit =

(
A1rT

A′1rN

)
for an r (N × T ) matrix A with

elements Ajτ = ∂π3ℓjτ if j = i and τ = t, and Ajτ = 0 otherwise. Thus, Lemma C.4(i)

gives
(
∂θϕ′L̄

)
H̄−1∂ϕ∂π2ℓit = −

∑
j,τ Ξjτδ(i=j)δ(t=τ)∂π3ℓit = −Ξit∂π3ℓit. ■

Lemma C.6. The terms of the score defined in Lemma C.3 have the following limiting

behaviors, U (0) = Op

(
1/
√
NT

)
, U (1) = Op

(
1/
√
NT

)
, and U (2) p−→ B̄∞/T + D̄∞/N ,
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where B̄∞ and D̄∞ are defined in Theorem 3.

Proof of Lemma C.6. It is clear that U (0) = Op

(
1√
NT

)
, and by CLT,

√
NTU (1) d−→

N
(
0, Σ̄∞

)
, where

Σ̄∞ = limN,T→∞
1

NT

N∑
i=1

T∑
t=1

E
[
(Dθℓit) (Dθℓit)

′]
As for U (2), the main focus is to show that the bias formulas by taking account the specific

structure of the incidental parameters Hessian. Decompose

Λit = Λ
(1)
it + Λ

(2)
it + Λ

(3)
it + Λ

(4)
it

with

Λ
(1)
it = − 1

NT

N∑
j=1

f ′
0tH̄−1

(λλ)ij

T∑
τ=1

∂πℓjτf0τ

Λ
(2)
it = − 1

NT

T∑
τ=1

f ′
0tH̄−1

(λf)iτ

N∑
j=1

∂πℓjτλ0j

Λ
(3)
it = − 1

NT

N∑
j=1

λ′0iH̄−1
(fλ)tj

T∑
τ=1

∂πℓjτf0τ

Λ
(4)
it = − 1

NT

T∑
τ=1

λ′0iH̄−1
(ff)tτ

N∑
j=1

∂πℓjτλ0j

We look at two decomposition terms U (2a) and U (2b) as specified in (C.4). Let

U (2a) = U (2a,1) + U (2a,2) + U (2a,3) + U (2a,4)

where

U (2a,1) =
1

(NT ) 2

∑
i,j,t

f ′
0tH̄−1

(λλ)ij

(∑
τ

∂πℓjτf0τ

)
(Dθπℓit − E [Dθπℓit])

U (2a,2) =
1

(NT ) 2

∑
i,τ,t

f ′
0tH̄−1

(λf)iτ

(∑
j

∂πℓjτλ0j

)
(Dθπℓit − E [Dθπℓit])

U (2a,3) =
1

(NT ) 2

∑
t,j,i

λ′0iH̄−1
(fλ)tj

(∑
τ

∂πℓjτf0τ

)
(Dθπℓit − E [Dθπℓit])

U (2a,4) =
1

(NT ) 2

∑
t,τ,i

λ′0iH̄−1
(ff)tτ

(∑
j

∂πℓjτλ0j

)
(Dθπℓit − E [Dθπℓit])
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Use
∥∥H̄−1 − H̄−1

d

∥∥ = Op (1) by Lemma C.1, and apply the Cauchy-Schwarz inequality

to the sum over t in U (2a,3), and since both λ′0iH̄−1
(fλ)∂πℓjτf0τ and (Dθπℓit − E [Dθπℓit]) are

mean zero, independent across i,

(
U (2a,3)

)2 ≤ 1

(NT )4

∑
t

(∑
j,τ

λ′0iH̄−1
(fλ)tj∂πℓjτf0τ

)2
∑

t

(∑
i

(Dθπℓit − E [Dθπℓit])

)2


=
1

(NT )4

[∑
t

Op(NT )

][∑
t

Op(N)

]
= Op

(
1/
(
N2T

))
= op

(
1

NT

)

Thus, U (2a,3) = op(1/
√
NT ). Analogously, U (2a,2) = op(1/

√
NT ).

According to Lemma C.1, H̄−1
(λλ) = diag

[(
1
NT

∑T
t=1 E [∂π2ℓit] f0tf

′
0t

)−1
]
+Op(1). Anal-

ogously to the proof of U (2a,3), the Op(1) part of H̄−1
(λλ) has an asymptotically negligible

contribution to U (2a,1).

U (2a,1)

=
1

(NT )2

∑
i,j

f ′
0tH̄−1

(λλ)ij

(∑
τ

∂πℓjτf0τ

)∑
t

(Dθπℓit − E [Dθπℓit])

=
1

NT

∑
i

f ′
0t

(
1

NT

T∑
t=1

E [∂π2ℓit] f0tf
′
0t

)−1

·

(∑
τ

∂πℓiτf0τ

)∑
t

(Dθπℓit − E [Dθπℓit])

}
+ op

(
1√
NT

)

=
1

T
· 1
N

N∑
i=1

T∑
t=1

T∑
τ=t

f ′
0t

(
T∑
t=1

E [∂π2ℓit] f0tf
′
0t

)−1

f0τE [∂πℓitDθπℓiτ ]︸ ︷︷ ︸
=:B̄(1)

+op(
1√
NT

)

Note, previous assumptions guarantee that E
[(
U

(2a,1)
i

)2]
= Op (1/ (NT )) uniformly

over i. For the numerator, both ∂πℓiτf0τ and (Dθπℓit − E [Dθπℓit]) are mean zero weakly

correlated processes, hence the sum over which is of order
√
T each. The denominator of

of U
(1a,1)
i is of order T as it sums over T . The last equality applies the WLLN over i,

1
N

∑
i U

(2a,1)
i = 1

N
EU (2a,1)

i + oP (1), and by using E [∂πℓitDθπℓiτ ] = 0 for t > τ . Analogously,

U (2a,4) =
1

N
· 1
T

T∑
t=1

N∑
i=1

λ′0i

(
N∑
i=1

E [∂π2ℓit]λ0iλ
′
0i

)−1

λ0iE [∂πℓitDθπℓit]︸ ︷︷ ︸
=:D̄(1)

+op

(
1√
NT

)
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The definition of Λit induces the following decomposition of U (2b),

U (2b) =
4∑

s,l=1

U (2b,s,l), U (2b,s,l) =
1

2NT

∑
i,t

Λ
(s)
it Λ

(l)
it E [Dθπ2ℓit]

Due to the symmetry U (2b,s,l) = U (2b,l,s), this decomposition has 10 distinct terms. Starting

with U (2b,1,3), we have

U (2b,1,3) =
1

NT

N∑
i=1

U
(2b,1,3)
i

U
(2b,1,3)
i =

1

2T

T∑
t=1

E [Dθπ2ℓit] f
′
0tU

(2b,1,3)
it λ0i

U
(2b,1,3)
it =

1

N2

N∑
j1,j2=1

{
H̄−1

(λλ)ij1

(
1√
T

T∑
τ=1

∂πℓj1τf0τ

)(
1√
T

T∑
τ=1

∂πℓj2τf
′
0τ

)
H̄−1

(fλ)tj2

}

Given that E [
∑

t ∂πℓitf0t] = 0 and E [
∑

t ∂πℓitf0t
∑

τ ∂πℓjτf0τ ] = 0 for i ̸= j, along with

the properties of the inverse expected Hessian from Lemma C.1, we have E
[
U

(2b,1,3)
i

]
=

Op(1/N) uniformly over i, E
[(
U

(2b,1,3)
i

)2]
= Op(1) uniformly over i, and E

[
U

(2b,1,3)
i U

(2b,1,3)
j

]
=

Op(1/N) uniformly over i ̸= j. This implies that E
[√

NTU (2b,1,3)
]

= Op(1/N), and

E
[
NT

(
U (2b,1,3) − E

[
U (2b,1,3)

])2]
= Op(1/

√
N). Therefore U (2b,1,3) = op

(
1/
√
NT

)
. By

similar arguments, we have U (2b,s,l) = op

(
1/
√
NT

)
for all combinations of s, l = 1, 2, 3, 4,

except for s = l = 1 and s = l = 4. For s = l = 1,

U (2b,1,1) =
1

NT

N∑
i=1

U
(2b,1,1)
i

U
(2b,1,1)
i =

1

2T

T∑
t=1

E [Dθπ2ℓit] f
′
0tU

(2b,1,1)
it f0t

U
(2b,1,1)
it =

1

N2

N∑
j1,j2=1

{
H̄−1

(λλ)ij1

(
1√
T

T∑
τ=1

∂πℓj1τf0τ

)(
1√
T

T∑
τ=1

∂πℓj2τf
′
0τ

)
H̄−1

(λλ)ij2

}

Analogous to the result for U (2b,1,3), we have E
[
NT

(
U (2b,1,1) − EU (2b,1,1)

)2]
= Op(1/

√
N).
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Thus,

U (2b,1,1) = E
[
U (2b,1,1)

]
+ op

(
1√
NT

)
= − 1

2NT

N∑
i=1

T∑
t=1

E [Dθπ2ℓit] f
′
0t

(
T∑
t=1

E [∂π2ℓit] f0tf
′
0t

)−1

E
[
(∂πℓitf0t) (∂πℓitf0t)

′]
·

(
T∑
t=1

E [∂π2ℓit] f0tf
′
0t

)−1

f0t + op

(
1√
NT

)

=
1

T
· 1

2N

N∑
i=1

T∑
t=1

f ′
0t

(
T∑
t=1

E [∂π2ℓit] f0tf
′
0t

)−1

f0tE [Dθπ2ℓit]︸ ︷︷ ︸
=:B̄(2)

+op

(
1√
NT

)

Similarly,

U (2b,4,4) = EU (2b,4,4) + op

(
1√
NT

)
=

1

N
· 1

2T

T∑
t=1

N∑
i=1

λ′0i

(
N∑
i=1

E [∂π2ℓit]λ0iλ
′
0i

)−1

λ0iE [Dθπ2ℓit]︸ ︷︷ ︸
=:D̄(2)

+op

(
1√
NT

)

Summing up the above terms, we have U (2a) = 1
T
B̄(1) + 1

N
D̄(1) + op

(
1√
NT

)
and U (2b) =

1
T
B̄(2)+ 1

N
D̄(2)+op

(
1√
NT

)
. Since B̄∞ = limN,T→∞

(
B̄(1) + B̄(2)

)
and D̄∞ = limN,T→∞

(
D̄(1) + D̄(2)

)
,

then U (2) = 1
T
B̄∞ + 1

N
D̄∞ + op(1). We have shown that

U (2) p−→ 1

T
B̄∞ +

1

N
D̄∞ (C.5)

■

Now, we can proceed to prove our main theorems.

Proof of Theorem 2(i). Now we have

θ(m+1) − θ0
= W̄−1U (0)

(
θ(m) − θ0

)
+ W̄−1U (1) + W̄−1U (2)

+ op
(∥∥θ(m+1) − θ0

∥∥)+ op
(∥∥θ(m) − θ0

∥∥)+ oP

(
(NT )−1/2

)
Let C̄(0) = W̄−1

(
∂θϕ′L̄

)
H̄−1

(
∂ϕθ′L̄

)
. We want to show that σmax

(
C̄(0)

)
∈ (0, 1]. Note that

76



by the Bartlett identities, E [∂θL∂θ′L] = ∂θθ′L̄, E [∂θLS ′] = ∂θϕ′L̄, and E [SS ′] = H̄, then(
∂θL −

(
∂θϕ′L̄

)
H̄−1S

) (
∂θL −

(
∂θϕ′L̄

)
H̄−1S

)′
= ∂θL∂θ′L − 2∂θLSH̄−1

(
∂θϕ′L̄

)′
+
(
∂θϕ′L̄

)
H̄−1SS ′H̄−1

(
∂θϕ′L̄

)′
p−→ ∂θθ′L̄ −

(
∂θϕ′L̄

)
H̄−1

(
∂ϕθ′L̄

)
Therefore, W̄

(
Ip − C̄(0)

)
= ∂θθ′L̄ −

(
∂θϕ′L̄

)
H̄−1

(
∂ϕθ′L̄

)
> 0. By Fact 8.14.20 in Bernstein

(2005, p.329),

σmin

(
Ip − C̄(0)

)
≥ σmax

(
W̄−1

)
σmin

(
W̄
(
Ip − C̄(0)

))
= σ−1

max

(
W̄
)
σmin

(
W̄
(
Ip − C̄(0)

))
:= ρ̄ ∈ (0, 1]

where we use that W̄−W̄
(
Ip − C̄(0)

)
= W̄ C̄(0) ≥ 0. This implies that ∥C̄(0)∥ = σmax

(
C̄(0)

)
=

1− σmin

(
Ip − C̄(0)

)
≤ 1− ρ̄ ∈ [0, 1) w.p.a.1. ■

Proof of Theorem 2(ii). By Theorem 2(i) and the fact that W̄−1U (1) + W̄−1U (2) =

Op

(
(NT )−1/2

)
, we have

∥∥∥θ̂(m+1) − θ0
∥∥∥ = Op

(∥∥∥θ̂(m) − θ0
∥∥∥). Continuous backward sub-

stitutions then give

θ̂(m+1) − θ0 =
[
W̄−1U (0) + op (1)

]m+1
(
θ̂(0) − θ0

)
(C.6)

+
m∑
s=0

[
W̄−1U (0)

]s {
W̄−1U (1) + W̄−1U (2) + oP

(
(NT )−1/2

)}
(C.7)

Thus, when m+ 1 ≥ −
(
1
2
log (NT ) + log (γNT )

)
/ log

(
∥C̄(0)∥

)
, we can readily have

[
W̄−1U (0) + op (1)

]m+1
(
θ̂(0) − θ0

)
= Op

(
(NT )−1/2

)
by Theorem 1. This, in conjunction with the fact that W̄−1U (1)+W̄−1U (2) = Op

(
(NT )−1/2

)
,

implies θ(m+1) − θ0 = Op

(
(NT )−1/2

)
. ■

Proof of Theorem 3. For any m ≥ −1
2
log(NT )/ log

(
∥C̄(0)∥

)
− 1, the cumulative effect

(C.6) can be controlled as follows

∥(C.6)∥ ≤ σm+1
max

(
C̄(0)

)
Op (γNT ) = Op

(
(NT )−1/2 γNT

)
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Then

√
NT

(
θ̂(m+1) − θ0

)
=

m∑
s=0

[
W̄−1U (0)

]s {
W̄−1U (1) + W̄−1U (2)

}
+ op (1)

=
(
I− W̄−1U (0)

)−1
(
I−

[
W̄−1U (0)

]m+1
)
W̄−1

√
NT

(
U (1) + U (2)

)
+ op (1)

=
(
I− W̄−1U (0)

)−1
W̄−1

√
NT

(
U (1) + U (2)

)
+ op (1)

=
(
W̄ − U (0)

)−1√
NT

(
U (1) + U (2)

)
+ op (1)

where the second equality follows from the summation formula for geometric sequences and

the penultimate equality holds since for m ≥ −1
2
log(NT )/ log

(
∥C̄(0)∥

)
− 1,

[
W̄−1U (0)

]m+1
W̄−1

√
NT

(
U (1) + U (2)

)
= Op

(
W̄−1

(
U (1) + U (2)

))
= Op

(
(NT )−1/2

)
Thus, by the definition of W̄ , U (0), and Ξit, we have

W̄ − U (0) =
1

NT

N∑
i=1

T∑
t=1

E [∂θθℓit − ∂π2ℓitΞitΞ
′
it]

By CLT and Bartlett identities,

√
NTU (1) =

1√
NT

N∑
i=1

T∑
t=1

−Dθℓit
d−→ N

(
0, W̄∞

)
We also have U (2) p−→ 1

T
B̄∞ + 1

N
D̄∞ from (C.5). The desired result then follows. ■

Proof of Theorem 4. Under the assumptions in Theorem 3, B̂
p−→ B̄∞, D̂

p−→ D̄∞, and

Ŵ
p−→ W̄∞. The results follow directly from applying the same argument as in the proof of

Lemma S.1 and Theorem 4.3 in the Supplementary Material of Fernández-Val and Weidner

(2016). In particular, it relies on repeated applications of the weak law of large numbers

and Slutsky’s theorem.
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Given the definition of θ̂ABC , we can write

√
NT

(
θ̂ABC − θ0

)
=
√
NT

(
θ̂(m+1) − 1

T
Ŵ−1B̂ − 1

N
Ŵ−1D̂ − θ0

)
=
√
NT

(
θ̂(m+1) − θ0 −

1

T
W̄−1

∞ B̄∞ −
1

N
W̄−1

∞ D̄∞

)
︸ ︷︷ ︸

(a)

−
√
NT

[
1

T

(
Ŵ−1B̂ − W̄−1

∞ B̄∞

)
+

1

N

(
Ŵ−1D̂ − W̄−1

∞ D̄∞

)]
︸ ︷︷ ︸

(b)

By Theorem 3, we have (a)
d−→ N

(
0, W̄−1

∞
)
. Since we have established the consistency of

B̂, D̂, and Ŵ , Slutsky’s theorem implies that Ŵ−1B̂
p−→ W̄−1

∞ B̄∞ and Ŵ−1D̂
p−→ W̄−1

∞ D̄∞.

Consequently, term (b) is op(1). This completes the proof.

■

D Additional Details on Empirical Application

D.1 Data Sources and Sample Construction

Our empirical analysis is based on firm and market data following the framework of

Ma (2019). The firm-level dataset combines information from Compustat, CRSP, IBES,

TRACE, Datastream, and Mergent’s Fixed Income Securities Database (FISD). Flow vari-

ables such as net equity repurchases, net debt issuance, and capital expenditures are mea-

sured at the quarterly frequency and normalized by lagged total assets, while stock variables

such as cash holdings and leverage are normalized by contemporaneous assets. Outliers are

winsorized at the 1% level in all firm-level analyses. The sample excludes financial firms

(SIC 6000–6999) and firms with missing bond or equity identifiers. See Table A1 for detailed

variable definitions.

Firm-level bond variables are constructed from TRACE and FISD. Specifically, the

credit spread is the face-value-weighted difference between each bond’s yield and the yield

on the nearest-maturity Treasury, excluding convertible, asset-backed, and foreign-currency

bonds, as well as bonds with less than one year to maturity. When yields are unavailable

after November 2008, they are imputed from TRACE prices and FISD coupon information.

The term spread is constructed analogously, using Treasury yields of different maturities.

On the equity side, we construct the value-to-price (V/P) ratio following Dong, Hirshleifer,

and Teoh (2012), combining Compustat book equity, CRSP prices, and IBES earnings
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forecasts.

Quarterly net equity repurchases are defined as share repurchases minus equity issuance

(PRSTKC–SSTK), and net debt issuance is defined as long-term debt issued minus retired

(DLTIS–DLTR), each scaled by lagged assets. Additional controls include net income, cash

holdings, capital expenditures, and deviations from target leverage, all from Compustat and

defined as in Ma (2019). The aggregate bond yields and returns come from the Barclays

Capital / Lehman Brothers indices compiled by Greenwood and Hanson (2013), updated

with Bank of America Merrill Lynch data. Treasury yields are sourced from FRED, and

stock market data is sourced from Robert Shiller’s historical dataset.

To ensure comparability in the estimation of firm-specific effects, we focus on the period

2003-2024, during which TRACE coverage becomes comprehensive. The earlier years used

in Ma (2019), particularly the pre-2000 period, are highly unbalanced––especially for bond-

level variables––and exhibit systematic patterns of missingness related to limited TRACE

reporting and incomplete data integration across sources. We define an observation as

missing if at least one of the key or control variables is unavailable for a given firm–quarter

in the panel. Consequently, we restrict the sample to the period 2003Q1–2024Q4 and

construct a high-coverage panel comprising 212 nonfinancial firms observed over 88 quarters

in total. Firms are retained in the sample as long as they have at least 44 quarters of

observed data over the sampled period.

Figure A1 visualizes the distribution of missing observations across firms and quarters

in the final sample. Large blocks of missing observations near the sample edges primarily

correspond to firms entering the panel mid-period or exiting early, while the few short

gaps observed in the middle of the sample likely reflect random reporting noise rather than

systematic non-coverage. Accordingly, we proceed under the assumption that the data are

missing at random (MAR) in our empirical application.A4

Our updated estimation algorithm explicitly handles these limited gaps under the as-

sumption that missing observations are missing at random (MAR). The first-step estimator

employs the Soft-Impute algorithm of Mazumder, Hastie, and Tibshirani (2010), while the

second-step estimator inherently accommodates MAR data, following Bai (2009) and Chen,

Fernández-Val, and Weidner (2021).

A4Missing observations are common in empirical corporate-finance and asset-pricing panels. The objec-
tive of this paper is to achieve consistent estimation in high-coverage panels rather than to model system-
atic missingness. For broader treatments of structured or non-MAR missingness in financial panels, see
Freyberger, Hoeppner, Neuhierl, and Weber (2025), Cahan, Bai, and Ng (2023), and Bryzgalova, Lerner,
Lettau, and Pelger (2022). Extending the proposed framework to accommodate such forms of missingness
is a promising direction for future research.
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Table A1 Firm-Level Variable Definitions

Variable Description Main Source

Credit spread Face-value-weighted difference between a
firm’s corporate bond yield and the yield on
the nearest-maturity Treasury

TRACE, FISD,
FRED

Term spread Face-value-weighted difference between the
yield on the nearest-maturity Treasury and
the 3-month Treasury yield

TRACE, FISD,
FRED

V/P ratio Value-to-price ratio constructed following
Dong, Hirshleifer, and Teoh (2012), using fore-
casted ROE and book equity

Compustat,
CRSP, IBES

Cash holdings Cash and short-term investments Compustat

Asset growth Quarterly growth rate of total assets Compustat

Size Natural logarithm of book value of total assets Compustat

Net income Net income Compustat

Capital expenditures Capital expenditures (CAPX) Compustat

Note: This table reports definitions of firm-level variables used in the empirical analysis. For firm financials,
flow variables are measured quarterly and normalized by lagged total assets, while stock variables are
normalized by contemporaneous total assets. Datastream is used as a supplementary data source where
applicable. Detailed construction follows the Internet Appendix of Ma (2019).
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Figure A1 Data availability across firms and quarters. Each cell represents the avail-
ability of firm-level observations in the final estimation sample (212 firms, 2003Q1–2024Q4).
White cells indicate available observations, and black cells denote missing quarters.

D.2 Additional Results

Figure A2 Residual heatmap from TWFE estimation. The figure plots firm–quarter
residuals from the TWFE estimator following Fernández-Val and Weidner (2016).
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